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Abstract—Due to the low impedance and high feeding currents,
it is naturally challenging to design super-directive antenna
arrays that perfectly match the feed line, and this becomes
almost impossible as the number of elements increases. In
this paper, we assert that it is crucial to consider the trade-
off between directivity and overall efficiency (to achieve high
realized gain) before employing super-directive arrays in real-
world applications. Given this trade-off (high directivity and
low mismatch for high realized gain), a 4-element dipole array
(unit array) is optimized using the differential evolution (DE)
algorithm. Then, the performance of the unit array in subarray
configuration scenarios is analyzed. Finally, the obtained param-
eters are verified using the CST full-wave simulation software.
The results clearly indicate that the proposed unit array is a
strong candidate for dense array applications, particularly in
the context of massive multiple-input multiple-output (MIMO),
thanks to its notable high gain and efficiency.

Index Terms—Differential evolution, directivity, super-directive
arrays.

I. INTRODUCTION

Although mutual coupling is often seen as a disadvantage,

extensive work has been done on leveraging it in order

to reduce the physical size of array antennas and increase

their directional properties (Directivity, D) [1], [2]. While the

maximum directivity is directly proportional to the number of

elements in a classical array consisting of isotropic sources

(D ∝ N ), it was theoretically shown in the seminal work of

Uzkov [3] that if the distance between the elements converges

to zero, the directivity of the array can reach up to the

square of antenna elements number (D ∝ N2) towards the

end-fire direction. However, for a considerable number of

years, these systems, known as super-directive arrays (which

can be broadly defined as antennas whose end-fire directivity

exceeds that of uniformly excited apertures [4]), have been

deemed impractical due to their susceptibility to sensitive

feeding currents and limited efficiency resulting from feed line

impedance mismatch [5], [6]. Thus, there is a significant need

to develop optimization frameworks to realize these antenna

arrays and provide practical excitation topologies to make

super-directive arrays a feasible technology.

Since mutual coupling is minimized in classical arrays

(whenever the inter-element distance is chosen more than half
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a wavelength or reduced by complex techniques), designing

a single antenna impedance matching circuit for the array

elements is sufficient. However, placing the antennas closer to

each other causes impedance mismatch due to factors that are

not easy to calculate, such as surface currents and near-field

radiations [7]. In the scenario where each antenna is simultane-

ously excited, the array elements will be subject to different

mutual coupling, so their input impedances will also differ.

Therefore, different matching circuits or techniques must be

used for each antenna element compatible with the feed line.

In many studies carried out in the literature, it has been

suggested that the input impedances of some antenna elements

are very low (even negative for some configurations), and,

hence, impedance matching becomes almost impossible [8].

Consequently, this inherent incompatibility is of paramount

significance, representing a formidable challenge in super-

directive arrays alongside the existing constraints.

We now recall that there is a close relationship between

directivity and gain. The gain expression is obtained if the radi-

ation efficiency is included in the directivity term [9]. Another

gain expression that needs attention is the realized gain which

also includes the line impedance mismatch. In a perfectly

matched array, the overall efficiency, encompassing both line

and radiation efficiencies, tends to be exceptionally high. Many

studies commonly rely on this assumption while neglecting

the concept of realized gain [10]–[13]. However, in super-

directive arrays, the realized gain diminishes considerably

due to impedance mismatches within the array’s transmission

lines [2], [8]. Therefore, enhancing the realized gain requires

utilizing a multi-parameter optimization approach involving

adjustments to element spacing, antenna feed currents, and

antenna dimensions. Although there are limited studies on the

realized gain (e.g. [14]–[16]), to the best of our knowledge,

there has yet to be any previous work optimizing the realized

gain by an iterative algorithm verified by a full wave electro-

magnetic simulation program. Against this background, our

paper makes the following main contributions:

• We employ a DE algorithm to showcase the opti-

mum inherent trade-off between high directivity and low

impedance mismatch.

• We study a more complicated scenario that contains four

elements dipole array (unit array) instead of a simple

two element configuration. Subsequently, we assess the



performance of the unit array in different subarray con-

figurations.

• We validate the obtained parameters through a rigorous

assessment using comprehensive full-wave electromag-

netic simulation software.

The results unequivocally demonstrate that the proposed

array, characterized by its high gain and efficiency parameters,

represents a valuable and promising choice for dense array

applications, particularly for massive MIMO architectures.

Notation: The boldface letters stand for vectors and ma-

trices; XT X∗ and XH represent the transpose, conjugate

and conjugate transpose operations, respectively. Finally, ‖x‖2
denotes the l2 norm of x.

II. THEORETICAL BACKGROUND OF SUPER-DIRECTIVE

ANTENNA ARRAYS

A dipole of length l and radius ρ, positioned on the x-axis,

excited in the z-direction, is considered for the unit element.

The electric field of each dipole in far-field distance (r) and

observation angle θ is written as follows:

En(r, θ) = −jηF(θ)
e−jkr

2πr
in, (1)

where η ≈ 120π is the impedance of free space, in is the

complex excitation current, k = 2π/λ represents the wave

number, λ = c
f is the wavelength while c, f represent the

speed of light and center frequency, respectively. Here, the

term F(θ) is called the element factor and is theoretically

independent of the azimuth angle (φ) (for a zn oriented dipole)

and expressed as follows [9]:

F(θ) =
cos(kl2 cos θ)− cos(kl2 )

sin(θ)
aθ. (2)

Here, aθ denotes the unit vector in the polar direction. Hence,

the unified electric field of the array can be represented as:

E(r, θ, φ) = −jη
e−jkr

2πr

N−1∑
n=0

e−jkr.rninF(θ), (3)

where, the position vector r is defined as

(sin θ cosφ, sin θ sinφ, cos θ)T , which points to the

observation location. On the other hand, rn represents

the position vector of the n-th element and is defined as

(nd, 0, 0). Therefore, the radiation intensity can be calculated

to express the total power radiated from the antenna as

follows [17]:

U(θ, φ) =
r2

2η
‖E(r, θ, φ)‖2 (4)

=
η

8π2
‖F(θ)‖2 ∣∣aH(θ, φ) · i∣∣2 , (5)

where a(θ, φ) =
[
e−jkr.r0 , ..., e−jkr.rn

]T ∈ C
N×1 and i =[

i0, ..., in
]T ∈ C

N×1 are the far-field array response vector

and vector input currents, respectively. The total radiated

power is obtained by integrating the radiation intensity as

follows [18]:

Prad =
1

2
iH · �{Z}′ · i, (6)

where �{·} denotes the real part operation, while Z′ ∈ C
N×N

represents the input impedance matrix of a lossless dipole

array. In a practical context, assessing the conductor losses of

the dipoles becomes imperative. The computation of the loss

resistance (Rloss) for a current-carrying conductor wire can be

carried out following the methodology of [17]. Therefore, the

overall power loss is calculated as follows:

Ploss =
1

2
Rloss||i||2 =

1

2
iH ·Rloss · i, (7)

where Rloss = RlossIN ∈ R
N×N , where IN represents an

N×N identity matrix. From this perspective, the overall input

power at the antenna feed point is computed in the following

manner:

Pin = Ploss + Prad =
1

2
iH ·Rloss · i+ 1

2
iH · �{Z}′ · i,

(8)

where

�{Z} Δ
=

[
Rs +Rloss Rm

Rm Rs +Rloss

]
∈ R

N×N . (9)

Within this context, the variables Rs and Rm symbolize the

authentic components of self (Zm,m) and mutual impedances

(Zm,n, where m �= n), respectively. Subsequently, the antenna

array gain can be expressed in terms of the radiation intensity

and input power in the following manner:

G(θ, φ) =
4πU(θ, φ)

Pin
(10)

=
η

π
‖F(θ, φ)‖2

∣∣aH(θ, φ) · i∣∣2
iH · �{Z} · i . (11)

Here, we assume that all dipoles in the array have an identical

radiation pattern and are not influenced by variations in design

features to simplify the calculation.

A. Discussion on Realized Gain

In antenna engineering, transmission lines transmit the

signal between the source and the antenna (see Fig. 1). In an

application where dipole antennas are used, coaxial transmis-

sion lines with line impedances of 50 Ω or 75 Ω are generally

used due to their flexible structure and easy fabrication. In this

case, necessary modifications or matching circuits should be

implemented so that the impedance seen between the antenna

terminal, Zin, is equal to 50 Ω or 75 Ω. Since the antenna

elements are assumed not to affect each other in an uncoupled

array, antenna excitations do not impact the input impedance;

therefore, the self-antenna impedance, ZAN, is almost equal

to Zin. In this case, adapting the antenna to the line using a

balun or optimizing the antenna parameters is relatively easy.

However, when mutual coupling is considered, antenna input

impedances change with the feeding currents [18]. However,

it is well known from the literature that some elements in

coupled arrays have low input impedances. More interestingly,

some parts may even have a negative input impedance [8].

Hence, providing a perfect match with the line is almost

impossible in such a case. As a result, a significant portion
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Fig. 1. 3-D representation of the array and equivalent circuit of the dıpole
connected to a transmission line (TL).

of the excitation can be reflected, reducing the efficiency of

the array.

The connection losses, commonly known as reflections

(impedance mismatch) losses, are considered by incorporating

a reflection efficiency (denoted as eref ) into the gain expression

of the array. This efficiency is linked to the reflection coef-

ficient, represented as eref = (1 − |Γ|2). In this context, the

realized gain term (Greal = erefG(θ, φ) = (1− |Γ|2)G(θ, φ))
can better express the effects of reflection/mismatch losses.

It is evident that the realized gain decreases as the mismatch

increases. Therefore, this validates that the main reason for the

low realization gain in super-directive arrays is the increased

impedance mismatch between the antenna element and the

feed line due to mutual coupling.

In conclusion, it is crucial to articulate that achieving a

high realized gain requires to minimize the mismatches. This

goal can be attained by comprehensively evaluating all the

structural factors influencing the antenna’s radiation. Since any

alteration in the antenna’s structural parameters will invariably

impact the reflection coefficient (Γ), it becomes imperative

to carry out an optimization step for several parameters,

including the antenna size, distance between the elements and

the antenna feed currents.

III. OPTIMIZATION OF UNIT DIPOLE ARRAY

In this section, a DE-based optimization will be presented

to design a 4-element unit array, which is quite a challenging

task in addition to two and three-element super-directive arrays

in the literature [12], [16]. The number of population (NP ) is

chosen as 150, the cross-over factor (CR) is 0.9, the mutation

factor (F ) is 0.8, and the maximum number of iterations is

250. The following cost function is chosen to increase the

realized gain

Fcost = H(Δ|RG)Δ|RG. (12)

Here, H(.) and Δ|RG represent the Heaviside step function

and mean squared error (MSE) between the desired (9.16
dB is selected, representing an approximately 40% increase

compared to the uncoupled array) and calculated realized

gains.

Algorithm 1 Proposed DE-based algorithm to design a high

realized four dipole element unit array.

1: Initialize: Initialize NP , CR, F , number of iterations,

and design parameters.

2: Create population

3: Repeat: Update the population (DE/best//1/bin)
4: Calculate impedance matrices.

5: Convert impedance matrices to scattering matrices.

6: Calculate combined reflection coefficients (13)

7: Calculate mismatch efficiency and cost function.

8: Until: The desired value or the maximum number of

iterations has been reached.

9: Send optimized parameters to CST.

10: Return: Optimized currents, lengths, and positions.

The optimization process is summarized in Algorithm 1. Ini-

tially, the algorithm begins with a predefined set of parameters

(NP,CR,F , and number of iterations) and the design values,

such as currents, lengths, and distances, are randomly selected.

For each member within the population, the input impedance

matrix is computed as in [18]. The transformation formulas

are then applied to obtain the scattering matrix, as indicated

in [19]. Then, using the scattering matrix, the combined active

element reflection coefficient is calculated for simultaneous

excitation as follows [20]:

Γnc =
1

In

∑
n,m

ΓnmIm. (13)

Here, Γnc represents the combined active element reflection

coefficients. Subsequently, the realized gain is determined

by evaluating the efficiency of the mismatch (Greal). The

algorithm assesses whether the specified target has been

reached in each iteration. If the target is not achieved,

the ”DE/best/1/bin” algorithm updates the population and

records the corresponding cost value. As can be seen from the

cost convergence graph in Fig. 2, the algorithm started with

an initial MSE of 21.33, which is approximately equivalent to

a realized gain of 5.63 dB. Then, the targeted realized gain

was successfully attained by meticulously preserving optimal

the values throughout 128 iterations.

Antenna excitation amplitudes, phases, lengths and positions

obtained from the optimization are given in Table I. As can be

seen from the table, the maximum difference between antenna

amplitudes is about 0.25 while the phase difference is about

156.3◦.

Regarding the antenna positions, the minimum spacing

between consecutive antennas becomes 9.89 mm (0.32λ),

while the maximum spacing is 12.02 mm (0.40λ), both

remaining below half-wavelength intervals. Furthermore, the

total array size is approximately 32.26 mm, representing a

space-saving of approximately 40% compared to an uncoupled

array arranged at a traditional half-wavelength inter-element

distance. Additionally, the results show that the lengths of all

the elements are less than half a wavelength.
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Fig. 2. Convergence behaviour of the cost function in (12). The x axis is
confined to 50 for best view.

TABLE I
OPTIMIZED PARAMETERS OF THE UNIT ARRAY ACHIEVED FROM THE

OPTIMIZATION

No. Position (mm) Amplitude Phase (◦) Length (λ)
1 -16.13 .95 52.47 .44
2 -6.24 1 -156.37 .45
3 5.78 .96 0 .45
4 16.13 .75 149.11 .48

The realized gain of the optimized array units is first

simulated in MATLAB and then validated using CST to ensure

the results’ accuracy. The slight difference shown in Fig.

3 is because, unlike MATLAB, CST mainly uses a more

realistic Method of Moments (MoM) or Finite-Difference

Time-Domain (FDTD), which can calculate losses, such as

surface leakage currents and edge and skin effects.

TABLE II
COMPARISON TABLE FOR DIFFERENT CONFIGURATIONS

Conf. #1 #2 ULA Th. Exc. [10] Optimized

R. G. (dB) 7.89 6.37 8.951 7.60 9.16
Tot. Eff. (%) 57.83 84.42 94.95 54.00 80.11

After confirming the results through numerical validation,

we explored three distinct array arrangements as detailed

in Table II to underscore the advantages of the optimized

configuration. In the initial scenario, denoted as #1, the

lengths of the elements are maintained at a constant half-

wavelength, unlike the optimized array. Significantly, the

realized gain outperforms that of configuration #1 by ap-

proximately 32%. Transitioning to configuration #2, where a

uniform half-wavelength inter-element spacing was employed,

the optimized array yields an increase in the realized gain of

approximately 90%. In our comparison, the third configuration

involves a uniformly linear array (ULA) with half-wavelength

elements and inter-element distances. In this case, the op-

timized array demonstrated a realized gain approximately

1Recall that in classical ULA, the absence of phase differences between
elements results in maximum radiation in the broadside direction, while super-
directive arrays exhibit maximum radiation towards the end-fire.
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Fig. 3. MATLAB and CST comparison of realized gain results obtained in
the optimization.

4% higher. It is crucial to emphasize that in a ULA, the

maximum radiation is directed symmetrically to the x-plane

in the broadside direction (φ = 90◦). However, it is widely

recognized that super-directive arrays achieve peak radiation

in the end-fire direction [11], [14]. When we introduce the

necessary phase adjustments to orient the ULA towards the

end fire, the resulting gain is 5.82 dB. These results signify that

the optimized array surpasses the ULA’s realized gain by more

than 3.34 dB. Furthermore, maintaining a consistent overall

array size along the x-axis as the optimized array, employing

a uniform distance of approximately 0.35λ between elements,

and utilizing current values from existing literature for array

excitation result in the optimized array achieving a realized

gain approximately 43% higher.

IV. ANALYSIS OF LINEAR SUB-ARRAY CONFIGURATIONS

In this section, the linear array configurations of the opti-

mized array are analyzed. Each unit of the array is arranged

along the x-axis with the predetermined distance between

them. Therefore, the magnitude of the total electric field at

θ = 90◦ for this array, consisting of S sub-arrays, is expressed

as follows:

E(r, θ, φ) = −jη
e−jkr

2πr

S−1∑
s=0

N−1∑
n=0

Ine
jk(dn+s(Dg+dN−1)) cosφ.

(14)

Here, Dg represents the distance between the unit arrays, and

dn denotes the positions of the elements on the x-axis. Thus,

(14) can be rewritten as follows:

E(r, φ) = −jη
e−jkr

2πr

S−1∑
s=0

ejks((Dg+dN−1)cosφ)
N−1∑
n=0

ejkdncosφ,

(15)

where the first summation represents the group response,

and the second summation represents the unit array element

response. If Dg is selected to minimize the inter-group mutual

couplings (more than half wavelength in theory but more than



one wavelength in practice), the total input power can be

written by following (8) as:

P array
in = S

1

2
iH · �{Z} · i. (16)

Here, Z ∈ C
N×N is the unit dipole array impedance matrix.

Therefore, the gain of the linear array can be calculated by

following (9) and (11).

A. Numerical examples for linear array
This section shows numerical examples of the unit array

converted to a linear two-subarray configuration with a 2-

wavelength group distance. In this case, NS = 8 since the

total number of elements is N = 4, S = 2.
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Fig. 4. MATLAB and CST comparison of realized gain results for linear
configuration obtained in the optimization.

The realized gain-φ graph obtained is given in Fig. 4. As

can be seen from the figure, the MATLAB and CST results

are very close to each other. Therefore, it can be inferred

that MATLAB can serve as an alternative to high-computing

hardware methods like MoM or FDTD for optimization.

V. CONCLUSION

In this study, we investigated the mismatch between the

feed line and antenna elements, a critical factor contributing

to the low realized gain in super-directive arrays. Our study

highlighted that relying on a single matching circuit proves

inadequate when the antenna elements are strategically ar-

ranged to couple. As a result, ensuring the compatibility of

all elements with the transmission line becomes a complex

optimization task, necessitating the consideration of various

design parameters, such as feeding currents, lengths, and

positions.
We utilized the DE algorithm to optimize a 4-element

dipole array to address this issue, resulting in a significantly

improved realized gain. Once the targeted realized gain value

was achieved, we thoroughly examined and verified the sub-

array configurations of the unit dipole array using a full-wave

electromagnetic simulation program.
The results demonstrated that the proposed unit array has

excellent characteristics, with high gain and efficiency param-

eters, making it a suitable candidate for dense array applica-

tions, particularly in massive MIMO topologies [21]. These

findings highlight the potential for substantial improvements

in super-directive arrays by addressing the mismatch issues

and optimizing the array design using the DE algorithm.
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