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ABSTRACT

There are so many applications that require small tolerance to position error. It is so critical
for nearly all military and avionics systems. Enhancing the accuracy of position estimation
by even a few centimeters is a significant improvement. Estimation errors occur due to a lot
of error sources, like multipath effects, ionosphere, and troposphere effects, Doppler shift,
clock sensitivity. Besides these sources, mathematically position calculation process after
obtaining satellite positions and measuring pseudoranges also causes an error. GPS systems
calculate position via the distance between receiver and satellites. An equation is obtained
for each satellite the receiver monitors, and the unknowns can be solved by a set of equations.
Different mathematical methods have been developed to solve the set of equations. In this
study, the effects of three different position calculation algorithms used in literature are
compared by means of position accuracy. Satellite positions are learned from a GPS record
of a fixed GPS receiver station whose position is known, and a set of equations is formed for
receiver position including satellite positions and the distances between the receiver and the
satellites. This set of equation is processed with three different position calculation
algorithms which are the least squares method, the weighted least squares method and the
multilateration algebraic method and calculated receiver position is compared with known
receiver position. In the thesis study, model parameters in exponential and sigma model for
weighted least squares method are examined. It has been revealed that the weighted least
squares method using the exponential model yields the lowest average position estimation
error of 7.97 meters. This value indicates a 31% improvement compared to the least squares
method.
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OZET

Cok az miktarda konum hatasi toleransina ihtiya¢ duyulan bircok uygulama bulunmaktadir.
Neredeyse tiim askeri ve havacilik sistemleri i¢in bu durum tizerinde durulmasi gereken ¢ok
onemli bir konudur. Bu yiizden konum tahmininin dogrulugunu birka¢ santimetre bile
artirmak Onemsiz bir gelisme degildir. Konum tahmini hatalari, ¢cokyolluluk (multipath)
etkisi, iyonosfer ve troposfer etkileri, Doppler kaymasi, saat hassasiyeti gibi bircok hata
kaynagindan dolayr meydana gelir. Bu kaynaklarin yani sira, uydu pozisyonlar: elde
edildikten ve ham uzaklik (pseudorange) Olclimleri yapildiktan sonra uygulanan
matematiksel konum hesaplama siireci de bir hata olusturur. GPS sistemleri, alic1 ile uydu
arasindaki mesafe iizerinden konum hesab1 yapmaktadir. Alict izledigi her uydu i¢in bir
denklem elde eder ve denklemin bilinmeyenleri bir denklem kiimesiyle ¢oziilebilir. Bu
denklem kiimesini ¢c6zmek i¢in farkli matematiksel yontemler gelistirilmistir. Bu ¢alismada,
literatiirde kullanilan ti¢ farkli konum hesaplama algoritmasinin konum dogrulugu acisindan
etkileri karsilastirilmaktadir. Uydu pozisyonlari, konumu bilinen bir sabit GPS alici
istasyonundan alinan GPS kaydindan elde edilmistir ve alict konumu i¢in uydu koordinatlar
ve alic1 ile uydular arasindaki mesafeleri iceren bir denklem kiimesi olusturulmustur. Bu
denklem kiimesi, en kiigiik kareler yontemi, agirlikli en kiiclik kareler yontemi ve
coklaterasyonlu cebirsel yontem olmak {iizere ii¢ farkli konum hesaplama algoritmasi ile
islenmistir ve hesaplanan alici konumu bilinen alic1 konumu ile karsilastirilmistir. Bu tez
caismasinda, agirliklandirilmis en kiigiik kareler yontemi i¢in iissel ve sigma modellerindeki
model parametreleri incelenmistir. Ustel model kullanilan agirliklandirilmis en kiigiik
kareler yonteminin 7,97 metre ile en az ortalama konum tahmin hatasi verdigi ortaya
cikarilmistir. Bu deger, en kiigiik kareler yontemine gore %31 daha iyi sonu¢ alindigm
gostermektedir.
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SYMBOLS AND ABBREVIATIONS

The symbols and abbreviations used in this study are presented below, along with their

explanations.

Symbols

GHz
km
km/h
m

mm

Abbreviations

3D
AMC
DGPS
DLL
DOP
ECEF
ECI
EKF
GDOP
GLONASS
GNSS
GPS
HOT
HDOP
IAC
IGS
ILS
LOS
LS

Explanations

Gigahertz
Kilometer
Kilometer per hour
Meter

Milimeter

Explanations

Three Dimensional

Alternate Master Clock

Differential Global Positioning System
Delay Lock Loop

Dilution of Precision

Earth Centered Earth Fixed

Earth Centered Inertial

Extended Kalman Filter

Geometric Dilution of Precision
Globalnaya Navigazionnaya Sputnikovaya Sistema
Global Navigation Satellite System
Global Positioning System

Higher Order Terms

Horizontal Dilution of Precision
Information and Analytical Center
International GNSS Service

Iterative Least Squares

Line of Sight

Least Sgaures



Abbreviations

MEDLL
PDOP
PLL
RTCM
RINEX
SNR
TDOP
TEC
USA
VDOP
WGS
WLS

Xiv

Explanations

Multipath Estimating Delay Lock Loop
Position Dilution of Precision

Phase Lock Loop

Radio Technical Commission for Maritime Services
Receiver Independent Exchange Format
Signal to Noise Ratio

Time Dilution of Precision

Total Electron Count

United States of America

Vertical Dilution of Precision

World Geodetic System

Weighted Least Squares



1. INTRODUCTION

Making human life easier is one of the fundamental purposes of technology. In the digital
era we are in, the development of technology and its integration into our daily lives are
happening rapidly. Among the technologies developed in the last century, one of the most
important and widely used is the GPS (Global Positioning System). Considering that the
GPS system is used in every phone, ship, and plane produced, the number of users can be
expressed in billions. Therefore, it can be said that it is one of the most widely used

technologies today.

The GPS system aims to calculate the position and velocity of an object worldwide.
Additionally, with its atomic clocks, it provides high-precision time information. These
features have made the GPS system, originally designed for military purposes, a favorite in
many different civilian sectors. Numerous examples of GPS system usage can be given, such
as location determination with navigation applications on phones, enabling planes to land

safely on rough terrain, and learning how much ground movement earthquakes cause.

The GPS system designed and managed by the United States is not the first global
positioning project. The Transit system, which was active between 1958 and 1996, provided
global positioning services with a total of 36 satellites. This system operated on the principle
of Doppler frequency shift. In more detail, the frequency of the electromagnetic wave
broadcasted by a satellite rises as the satellite approaches to receiver and decreases as it
goes away. Based on the change in frequency, it was possible to determine how far the
satellite was from the ground station. Once the position of the satellite position was known,
the position of the receiver on the Earth could also be calculated. To make this calculation,

the receivers needed equipment with highly accurate clocks capable of measuring frequency.

Between 1963 and 1966, The Aerospace Corporation developed a new system that did not
require expensive receivers for measurements to be made by four satellites. Unlike the
expensive space segment and control stations on Earth of the GPS system, the receiver
segment required extremely cheap equipment, which is one of the main differences that

distinguishes GPS from the previously used global positioning system called Transit. Thanks



to this concept, even small receivers that can fit into phones can benefit from global
positioning services [1].

The GPS system, whose first satellite was launched in 1978, became fully operational in
1994. After the incident in 1983 when a Korean Airlines plane deviated from its route and
was shot down after entering Soviet airspace, it was decided to open the GPS system to
civilian use with selective availability restrictions. The selective availability implementation
was removed in 2000, allowing civilian applications to receive services more accurately.
Today, the GPS system continues to provide global positioning services with 31 satellites in
orbit.

The GPS system aims to transmit the data necessary for calculating the coordinates of a
receiver at any point on Earth through satellites. To calculate its own coordinates, the
receiver needs to know the distance to observed satellites and the positions of these observed
satellites. If the receiver just knows the position of one satellite and the measured range to
that satellite, its possible position is on a sphere surface whose center is at the satellite's
location with a radius equivalent to the distance to the satellite. Figure 1.1. shows an example

for a receiver knows its distance from only the satellite “A” which is 25 000 km.

Set of points 25 000 km from satellite A

Figure 1.1. Possible receiver locations in case only one satellite is observable [2]



If the receiver knows the positions of two satellites and the distances to them, its possible
location is on the intersection circle of two spheres whose centers are at the respective
satellites. As seen in Figure 1.2., a receiver observes two satellites. If it is assumed that the
receiver measured the distance to satellite “A” as 25 000 km and the distance to satellite “B”
as 35 000 km, possible receiver location is limited by the interception of two spheres. The

two spheres must intercept somewhere if the distances calculated correctly.

Sphere of points 35 000 km from satellite B

Sphere of points 25 000 km from satellite A

!

Set of points 25000 km from A
AND 35 000 km from B

Figure 1.2. Possible receiver locations in case only two satellites are observable [2]

For three satellites, the possible location of the receiver is only at two points which are the
intersection points of three spheres whose centers are at the satellites’ positions. In Figure
1.3., it is shown that the receiver observes three satellites. The distance between the third
satellite “C” and the receiver is assumed as 21 000 km and the interception points of three
spheres are indicated by purple arrows. One of these points is too far from Earh and the other
one refers the receiver positon on Earth surface. This method using the interceptipon of three

spheres is called trilateration.



Sphere of points 21 000 km
from C

Sphere of points 35 000 km from B

Sphere of points 25 000 km from A

X

x and y are 25 000 km from A AND 35 000 km from B
AND 21 000 km from C

Figure 1.3. Possible receiver locations in case three satellites are observable [2]

Based on this explanation, one might think that the receiver needs data from three GPS
satellites to calculate its position. From a different perspective, the receiver needs to know
its coordinates on the X, Y, and Z axes to calculate its position on Earth. Assuming each
coordinate on these axes is unknown, the receiver would need data from three satellites to
solve three unknowns. However, precise measurement of the signal's time in the air is
essential to calculate the distance between satellites and receivers. Although atomic clocks
in GPS satellites allow accurate time measurements, receivers generally have inexpensive
and low-precision clocks. This situation arises one more unknown for the receiver as what
the timing error of the receiver is in comparison to GPS master clock. To figure out the time
difference between the receiver's clock and the GPS satellite's clock, data from an additional
satellite would be required. Therefore, in the worst-case scenario, the receiver must have the
data from at least four GPS satellites to estimate its position. Since some of marine
applications do not need to know its height over the sea level, three GPS satellites would be
enough for them to calculate the uncertain parameters for the receiver as X, Y coordinates

and the timing error.



GPS error budget

There are so many applications that require small tolerance to position error. It is so critical
for nearly all military and avionics systems. Enhancing position estimation accuracy a few
centimeters is not insignificant improvement. Therefore, many studies have been conducted
on estimating and eliminating of error sources in the literature. Because GPS system dates
to sixties, a lot of problem is solved using different techniques. Nevertheless, people still

study on GPS system to find more practical and easier ways to problems.

Estimation errors occur due to a lot of error sources, like multipath effects, ionosphere, and
troposphere effects, Doppler shift, clock sensitivity [3]. Besides these sources,
mathematically position calculation process after obtaining satellite positions and measuring
pseudoranges also causes an error. In addition to satellite coordinates and distance data, the
GPS system provides various error correction data to ensure the accuracy of the received
information. These error correction data are crucial for precise calculation of the receiver's
position. In the past, an intentional error was added to the distance between satellites and
receivers to decrease the position accuracy for civilian use. However, this practice was
discontinued in 2000 due to the broader applications of GPS in sectors like marine and

aviation, where accuracy is crucial for human safety.

lonosphere and troposphere

Briefly mentioning the error correction data in the GPS system, it is essential to note that
signals from GPS satellites, approximately 20 000 km above the Earth's surface, pass
through atmospheric layers with varying gas densities. The slowdown caused by the
troposphere and ionosphere layers with different gas densities leads to an overestimation of
receiver’s the measured range to the satellites. To correct this, signals are sent at different
frequencies, and the timing bias between their arriving moment is employed to calculate

error correction data.

The ionosphere can have a significant impact on GPS signals. The ionosphere is a layer of
the Earth's atmosphere which involves charged particles. Although different approaches
exist on the limits of the ionosphere, it can be said that it is located approximately 30 to 600

kilometers above the surface of the Earth. This layer can cause several influences on GPS



signals, including signal delay, dispersion, bending, and scintillation. Due to the existance
of free electrons, the speed of light in the ionosphere is slower than in a vacuum, resulting
in frequency-dependent signal delays. lonospheric dispersion causes different frequencies to
experience varying delays, leading to signal spreading and potential inaccuracies in position
calculations. Additionally, the ionosphere can bend GPS signals, introducing errors in
estimating user positions. Under specific conditions, scintillation occurs, causing rapid
fluctuations in signal amplitude and phase, particularly in equatorial and high-latitude
regions. These ionospheric effects necessitate correction techniques in GPS systems to
enhance positioning accuracy. To mitigate the impact of the ionosphere on GPS, various
correction techniques are employed. Differential GPS (DGPS) is one such technique that
uses an additional reference station to scale ionospheric errors. Additionally, the GPS system
itself incorporates models and algorithms to estimate and compensate for ionospheric

effects, providing more accurate positioning information to users.

Ultraviolet rays spreading from Sun ionize some gas molecules, resulting to arise free
electrons [4]. These charged particles can cause several influences on GPS signals, including
signal delay, dispersion, bending, and scintillation. Figure 1.4. shows added transmission
delay in GPS signals in ionosphere and troposhere due to high total electron content (TEC)

involving particles which distorts electromagnetic wave [5].

Signal delays due
to atmospheric
refraction and
diffraction

Tr opospher®

Chinmaya § Rathore, IIFM, CoG

/onosphete

Figure 1.4. lonosphere effect on GPS signal [5]



L. Zhao, Li, and X. Zhao published a paper in 2009 which recommended a novel method for
designing the adaptive Hatch filter with optimal weigting factors. Their method depended
on on examining the positioning error due to ionosphere temporal and spatial gradients and
multipath effects. While traditional Hatch filter improves positioning accuracy in exchange
for diverging filtered errors, experimental results of recommended model showed that novel
model provides more accuracy in terms of positioning results than the traditional Hatch filter

[6].

In the paper published by Sucharoen, Wu, and Weng in 2015 focused on plasma blown from
solar stroms which causes particle disturbance in the ionosphere. Unstable nature of
ionosphere layer makes the particles irregular. So, it is hard to put a model independent from
time and location for ionosphere to mitigate related error. This paper examined the properties
of ionosphere in equatorial and middle latitude zones during solar maximum by analyzing
GPS data in Thailand and Australia. The research showed that characteristic of total electron
content variation is influenced by the solar activity. Additionally, another finding indicated
that the electron density in the equatorial ionosphere zone is higher compared to the middle
latitude ionosphere zone. Consequently, this suggested that the error in GPS measurements
caused by the ionosphere over the equatorial ionosphere zone would be greater than the

observed ionospheric error over the middle latitude zone [7].

Akiyama, Tanaka, and Yonekawa proposed a new method to improve positioning accuracy
by ionospheric delays in the paper published in 2007. Their method was based on using
approximation of double frequrncy correction. It was mentioned that new double frequency
method effectively enhances precision beyond that achieved by traditional correction

methods in both horizontal and vertical directions simultaneously [8].

The troposphere is lowest atmospheric layer of the Earth. It does not exhibit dispersion for
the frequencies up to 15 GHz. It introduces several effects on GPS signals. Firstly, water
vapor in the troposphere causes delays in GPS signals, and unlike the ionosphere, these
delays are generally consistent across the various GPS frequency bands. Additionally, the
variation in air density within the troposphere leads to atmospheric refraction, causing GPS
signals to bend as they pass through. This atmospheric bending can impact the accuracy of
position estimates, particularly when signals traverse different atmospheric conditions.

Although the troposphere primarily affects signal delay, there can also be some degree of



signal dispersion due to its water vapor content, although this effect is typically less
pronounced than in the ionosphere. Advanced correction models and techniques, such as
Differential GPS, are applied to mitigate these tropospheric impacts and enhance the

precision of GPS positioning.

Phase and codes are equally delayed in troposphere layer regarding free space propagation.
While these delays reveal itself as 2.4 meters for a satellite located on a perpendicular
projection to Earth’s surface, the error goes up to 25 meters for a receiver at see level if the
satellite is observed at an elevation angle of 5° [4]. This effect especially leads to incorrectly
calculate the height of receiver.

Guo, Yang, Shi, and Xu published a paper in 2016 which proposed an optimal weighting
method for functional model of GPS troposphere tomography equations. These equations
consist of the observation equation, the horizontal constraint equation, and the vertical
constraint equation. In contrast to conventional equal and constant weighting schemes, the
proposed method allows adaptive adjustments of weights. Numeric outcomes, acquired
under diverse weather conditions, illustrated that the suggested approach substantially
improves the precision of GPS tomography modeling, particularly when compared to the
traditional constant weighting methods [9].

In the paper published in 2007, Wang, Liou, and Yeh investigated the tropospheric influence
on estimation of height which is primarily caused by water vapor inhomogeneity. They used
the data collected in 2003 from 21 GPS receivers which were built as fixed reference
stations. The meteorological measurements which consist of temperature, pressure, and
humidity defined to GPS data processing algorithm with 24 troposheric parameters.
Calculated receiver heights without and with a priori knowledge of meteorological
measurement are examined. These measurements had a notable importance on calculated

height. Daily correction can be potentially reaching to 9.3 mm for the identified cases [10].

In the paper published in 2019, Koohzadi, Ebadollahi, Vahidnia, and Dian examined various
traditional tropospheric delay models and combinations of multiple models to ascertain real-
time positions. These models were integrated into the real-time positioning algorithm for a
single-frequency GPS receiver and were subsequently compared. Real-time positioning

experiments were conducted in six iterations over the course of six days. The comparative



analysis revealed that the Modified Saastamoinen model has better accuracy for real-time
positioning of single frequency GPS receiver. The accuracy of the Modified Hopfield model

is sufficient for low-cost real-time positioning due to its shorter computation time [11].

Multipath

The signals broadcasted by GPS satellites travel in waves towards the Earth's surface, where
the receiver's antennas capture both the electromagnetic waves reflected from the Earth's
surface and the directly transmitted waves. Multipath errors, arising from waves reaching
the receiver through different paths, can significantly impact position accuracy, especially
in urban environments. The signal sent by satellite propogates and grows as waves in space.
Each satellite is above 20 000 km above Earth surface so that signal transmitted by satellites
is able to serve very large area on Earth surface. The point which gets strongest signal is the
projection point of satellite on Earth surface. Thus, a receiver which sees a satellite over the
top of its location gets most powerful possible signal from that satellite. However, the signal
In order to transmit the signal from the satellite to the reciver most effectively, a line of sight
(LOS) must be established through the receiver and the satellite. In addition to that, the
antennas of both the satellite and the receiver must be aligned towards the directions where
their gains are strongest. These conditions hold true under normal conditions with no
environmental interference between the satellite and the receiver. When it comes to a real
case scenario, the receiver not only captures the signal which follows line of sight pattern,
but also gets the same signal which reflects from objects and terrain in its vicinity. Figure
1.5. depicts this scenario.

satellite
~.d
"“E:f{'t'{, s
B N "“H..H% reflecting surface
'SA\\ N3 P
[} e o
2N -

% .

\

ground AV | \
N o P R e R P }_’:":}"f_. iy /?\f}“}vf'}%’}g}’f ¥

Figure 1.5. Visualization of multipath effect [12]
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Each signal which follows different paths reachs the receiver antenna with changes in
propagation direction, amplitude, polarity, and phase. Thus, two distinct components, direct
and indirect, are formed in the signal reached to the receiver. In fact, the indirect component
is derived from direct component by adding delays, phase-shifts, and attenuates. Due to the
delay and phase shift, the two signals can interfere with each other. When they are in the
same phase, their total amplitudes can sum up. When they are in opposite phases which is
more often case, they can create a 180-degree phase difference. So, they can cancel each

other out.

A real illustration of code and phase delay due to the multipath effect is shown in Figure 1.6.
While code and phase delays must be formed at a certain time in an ideal condition, different
time delays are seen for a multipath effected environment. In Figure 1.6., first illustration
shows constructive multipath interference, and second illustration shows destructive
multipath interference. The original triangular correlation function is denoted by the solid
thin line, the multipath correlation function by the dashed line, and the sum of the two by
the third line [3].

1.2
].
I
0.8 0.5r
0.6
0.4 0 = —
- -
0.2
0 —0.5F
0.2
L L L L L | -1 L L L |
-1 -05 0_ 05 I 1.5 2 25 -1 05 0 05 1 15 2 2.5
Time delay [chip] Time delay [chip]

Figure 1.6. Constructive and destructive multipath effects [3]

A mathematical model demonstrating the multipath effect does not exist because it is a
problem dependent on both time and location. Nevertheless, the error in the receiver's
position calculation due to this effect can be observed through phase measurements of two
different frequencies broadcast by GPS satellites. The fundamental principle here is that two
signals at different frequencies cover the same paths and are exposed to the same
environmental effects until they reach the receiver. Since they both originate from a single

antenna on the satellite and reach the sane antenna in the receiver. The tropospheric error,
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time error, and relativistic effects are equal for two signals at different frequencies. However,
since the ionospheric and multipath effects are frequency-dependent, these errors are not
same for signals at different frequencies. When the ionospheric effect is eliminated using
different solution methods, only the multipath effect can be observed between signals of
different frequencies. Residual error, excluding the noise level, are thus considered as
multipath error [12].

In the past, numerous studies have been conducted in the areas of measuring and mitigating
the multipath effect. In a paper published in 2000, Minami, Morikawa, and Aoyama
discussed the multipath effect as one of the fundamental error sources in GPS. They detailed
a technique to predict the multipath effect in measurements which reduces both code and
carrier multipath errors. This technique involved using an adaptive filtering process to
predict parameters of both the directly received signal and the signal coming from the
multipath. They explained how the multipath effect manifests itself during the tracking stage
of GPS signal processing, causing lock errors in traditional Delay Lock Loop (DLL) and
Phase Lock Loop (PLL) hardware when finding code and phase delay. They noted that in
the past, methods were proposed only for decreasing multipath errors in DLL, followed by
the suggestion of a system called MEDLL (Multipath Estimating Delay Lock Loop) that
included both DLL and PLL hardware which requires several correlators as a disadvanteage.
In their proposed adaptive filtering method, they used a multipath delay profile to facilitate
a simple multipath estimation. Simulation results demonstrated that their method produced

a reliable solution with high accuracy in a multipath environment [13].

In 2011, Phan and Tan published a conference paper which utilizes a nonlinear regression
model to mitigate the multipath effect. They placed a GPS receiver on the top of a building
and trained the model based on the assumption that each satellite follows a repetitive orbit
geometry relative to their fixed receiver on the Earth's surface. Subsequently, they applied
this model to diagnose and mitigate multipath errors in a receiver environment with the
presence of the multipath effect. They observed an increase in position accuracy of 25-35%

in measurements with the influence of multipath [14].

In the conference paper published in 2021, Kim, Lee, and Park approached the problem from
a different perspective, performing multipath error detection based on the carrier-to-noise

density ratio which is obtained via dual polarized antennas. While the right-handed antenna
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was sensitive to satellite signals, the left-handed antenna was sensitive to reflected signals.
So, the difference between them revealed as the multipath effect. This effect was tested using

measurements obtained from real-world scenarios [15].

Relativity

Atomic clocks used in GPS satellites have so large gravitational and motional frequency
shifts. While gravitational effect is caused by general relativity, motional effect is caused by
general relativity. System would not work if relativistic effects do not take into account. For
example, a deviation in timing of one nanosecond will result in positioning inaccuracies on
the scale of approximately 30 centimeters. Although satellite velocities are relatively small
and gravitational fields are weak in proximity to Earth, they still induce notable relativistic
effects. The article published by Neil Ashby in 2003 is a useful source to understand
relativity effect in the GPS [16].

GPS satellites orbit the Earth twice a day at an average velocity of 14 040 km/h relative to
Earth. Additionally, the Earth spins around itself at an angular velocity of about 1 600 km/h.
Considering the magnitude of these velocities, relative motion of satellite compared to a
receiver is noticeable. Theory of special relativity says that time is relative, and it can be
dilated depending on the relative velocity between two observers. Since a receiver on Earth
sees the GPS satellites in motion relative to itself, the receiver on Earth sees clock of GPS
satellites operating more slowly as per special relativity. This means that on-board atomic
clocks on the satelites falls behind clocks on the Earth by approximately 7 microseconds per
day. This discrepancy arises from the slower ticking rate caused by the time dilation effect
resulting from their relative motion [17]. If this effect is ignored, the timing error would be
increased cumulatively and position accuracy on the order of centimeters would not be

achieved.

The orbits of GPS satellites are high above the Earth. The curvature of spacetime caused by
the Earth’s mass is less powerful at the orbits of satellites compared to the Earth’s surface.
According to general relativity theory of Einstein, a clock under an influence of gravity
seems to run slower than a clock at a distant region which is subjected to less gravitational
force. Therefore, clocks on Earth tick slower compared to clocks on GPS satellites in orbit

[18]. Applying the principles of general relativity, the clocks in each GPS satellite are
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expected to advance ahead of ground-based clocks by approximately 45 microseconds per
day [19]. This relativistic effect must be considered for the need for high accuracy in military

applications.

To ensure the accuracy of GPS, corrections are made for both of these relativistic effects.
The satellite clocks are updated to account for the time dilation due to their relative high
speed and their altitude in the Earth's gravitational field. The corrections are built into the
satellite clocks and are regularly updated to maintain the precision required for GPS

navigation.

Ruyong Wang published a paper in 2000 which re-axamine special relativity and Sagnac
effect using pseudrange equation. In this paper, it is emphasized that the computations
utilizing the pseudorange equation indicate that the accuracy of the equation contradicts the
two principles of special relativity, the principle of the constancy of the speed of light and
the principle of relativity. Additionally, the Sagnac effect can be entirely explained by this
equation, suggesting that the Sagnac effect is a non-relativistic phenomenon. It has been
suggested that the relativity of simultaneity in special relativity conflicts with the
fundamental operational principle of GPS [20].

Clock synchronization

Clock synchronization has a vital importance on GPS concept. A receiver on Earth calculates
its position based on satellite coordinates and the distances between satellites and itself. It is
so essential that all this information must be valid exactly for the same moment from the
viewpoint of the receiver. Thus, the receiver can decide its location using trilateration

method.

Each GPS satellite transmits the ephemeris information in a two-hour period which includes
satellite coordinates at a certain epoch. In addition to that, the satellites transmit navigation
message that includes transmit time, allowing the receiver to calculate travel duration of
signal. Timing is important as seen in both of two steps. If one of the satellite clocks runs
slower than others, the satellite would record its coordinate on its orbit with a delay and
broadcast the transmit time of navigation message incorrectly. Since the receiver uses the

distances between multiple satellites and itself which is determined by the traveling time of
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the signal and satellite coordinates at a certain epoch, any incorrect measurement about a
couple of nanoseconds would cause a misestimation of receiver positon on the order of
meters. Therefore, all clocks of satellites must share common time and must be synchronized

to master station periodically.

GPS satellite clocks are synchronized through a coordinated process involving ground
control stations and onboard atomic clocks. Ground control stations, integral parts of the
GPS control segment, continuously monitor the performance of atomic clocks on each
satellite, collecting data on any deviations from the expected time. Using this data, the
ground control stations calculate precise clock corrections, addressing factors such as clock
aging, environmental conditions, and relativistic effects. These corrections are then uploaded
to the respective satellites during communication sessions. Then the satellites add this
information to the navigation message when broadcasting the signal. Onboard, each GPS
satellite is equipped with highly stable atomic clocks, typically Cesium or Rubidium clocks,
serving as reference time for the satellite and timing signals transmitted to GPS receivers on
Earth. The synchronization process also includes adjustments for relativistic effects,
ensuring that the satellite clocks remain accurate despite their high-speed orbital motion and
position in the Earth's gravitational field. This meticulous synchronization is crucial for
maintaining the overall accuracy of the GPS system, enabling precise determination of signal

travel times and accurate positioning for GPS receivers worldwide.

The GPS satellites and control stations uses atomic clocks depends on generally Cesium
clock and fewer number of Rubidium clock. The atomic clocks in satellites, synchronized
by the master station in the control segment, may still have small time differences due to
orbital motion. This slight discrepancy contributes to a margin of error in distance
measurements between satellites and receivers. Figure 1.7. shows that Allan deviation for
Quartz and Cesium clocks. While Cesium are extremely accurate atomic clocks used in GPS
satellites, Quartz can be found in a typical GPS receiver. Quartz oscillators are more stable
for a short duration as seen in Figure 1.7. It is clear that Cesium shows better performance
after 100 seconds according to the plot. A Cesium clocks are so stable that their accuracy in
a day is within 4 nanoseconds if no relativistic effect is existed [16].
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Figure 1.7. The Allan deviation of Cesium clocks and Quartz oscillators over time [16]

In 2013, Cernigliaro, Galleani and Tavella published a paper which made any analysis on
space clocks of GNSS. They made a performance analysis for GPS and GLONASS
(Globalnaya Navigazionnaya Sputnikovaya Sistema) clocks, by using the satellite clock
estimates produced by the Information and Analytical Center (IAC) of the Russian Federal
Space Agency. A few preliminary results of this analysis were discussed. The examination
focused on assessing the time deviation, frequency deviation, and frequency stability of
Cesium and Rubidium clocks installed on three GPS and GLONASS satellites. The findings
revealed the existence of two recurring anomalies in space clocks, specifically deterministic

oscillations, and frequency jumps [21].

Dilution of precision

The arrangement of visible satellites plays a crucial role in attaining high-quality results,
particularly in point positioning and kinematic surveying. Dilution of precision, shortly
DOP, is a measure of the instantaneous geometry of GPS satellites. The geometry satellites
relative to a receiver on Earth changes with time due to relative motion of the receiver and
the satellites [12]. Therefore, it is necessary to determine the orbits and the number of
satellites very carefully. Dilution of precision indicates how well the satellites placed for a
receiver on Earth. The lower the dilution of precision value, the more accuate estimation of

receiver position. While DOP value smaller than 1 is accepted as the top confidence level to
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be employed for applications that consistently require the highest attainable sensitivity, DOP
value bigger than 20 accepted as the measurements should be discarded.

Figure 1.8. shows the impact of the good and bad examples for dilution of precision. The
transmitters represent the GPS satellites. Red curve is plotted based on the calculated
distance between the receiver and transmitter 1. Because each measurement has an error due
to lots of sources, other pink curves is plotted to show maximum and minimum possible
distances in real. Same situation can be considered for the green curves representing the
transmitter 2. Thus, the distances from two transmitters intercepts in an area filled with
orange which means the receiver must be somewhere in interception area. The transmitters
in other words satellites are close to each other in the second illustration compared to the
first one. As seen in Figure 1.8, the interception area in the second illustration is bigger which
implements that the sensitivity of the position accuracy is worse than the first illustration. It
can be figured out that wider separation of satellite geometry on sky yields more accurate

estimation of receiver position.
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Figure 1.8. Effect of the satellite constellation on position accuracy [22]

The constellation must provide that a receiver located anywhere on Earth must continuously
observe at least four satellites and all satellites must form a geometry that has low dilution
of precision. To go into details, a road which has buildings on both sides or a canyon which
let a limited vision of sky blocks the signal from satellites for a receiver in a mentioned

environment. The observable satellites for a receiver are decreased compared to open sky.
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So, the receiver must calculate its position using the satellites visible above it. If GPS satellite
constellation is not enough to provide sufficient number of satellites, such a receiver can not

estimate its location.

The objectives of DOP can be classified into three stages. Initially, it aids in survey planning,
and subsequently, it can assist in interpreting processed baseline vectors. For instance, data
exhibiting poor DOP might be considered for exclusion. Ultimately, DOP projects errors
from the measurement domain onto errors in the position domain [12]. There are some
subheadings related to dilution of precision. GDOP (geometric dilution of precision)
indicates geometric accuracy in position and time. PDOP (position dilution of precision)
represents accuracy in position. TDOP (time dilution of precison) shows how accurate is the
measurement in time. HOP (horizontal dilution of precison) is the accuracy of horizontal

positon. VDOP (vertical dilution of precison) is the accuracy in vertical direction.

Tahsin, Sultana, Reza, and Haider published a paper in 2015 which analyzes DOP and its
preciseness in GNSS position estimation. They introduced the different kinds of DOP,
namely GDOP, PDOP, HDOP, VDOP, TDOP and derived a comparative conclusion on
DOP among GPS, Galileo and combined GPS and Galileo satellite configuration. The
calculation they made showed that wider the angular separation between satellites, lower the
DOP. Compared to the performance of GPS, Galileo demonstrates enhanced precision.
Utilizing a receiver that combines both GPS and Galileo can be advantageous in such

scenarios [23].

Overdetermined pseudorange equations

The disruptive effects of the Earth's atmosphere, the time difference between GPS satellites,
and the signal reaching the receiver through different paths are issues that occur
independently from the receiver. The issue of not being expensive and accurate for the
receiver's clock is already a problem that the GPS system addresses by using four satellites.
Even after solving other problems brought by the system, position errors which derive from
the receiver can still arise. After the necessary satellite coordinates and distance information
between satellites and the receiver for the receiver's location are obtained, and the effects of

the mentioned error sources are eliminated, the receiver can calculate its position
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inaccurately. So, faulty mathematical operations can lead to all efforts which performed

before being in vain.

Pseudorange is the distance between the receiver and the satellites involving errors. Like
forming the equation of a line with two known points, pseudorange equations are constructed
similarly with one point being the satellite coordinates and the other point being the receiver
coordinates. In pseudorange equations, satellite coordinates are known, while receiver

coordinates on each axis and the timing error are unknown.

Once the necessary data from at least four GPS satellites are received, the receiver creates a
system of four unknowns using pseudorange equations. The orbits of GPS satellites are
designed to ensure visibility of at least six satellites from any point on Earth, providing at
least six pseudorange equations under normal conditions. This situation leads to a problem
called overdetermined system in mathematical literature. To make the issue clearer, a set
equation can be considered involving y = x + 5 as a first equation, y = 2x as a second
equation, and y = x + 9 as a third equation. It is noticeable that there are three equations
corresponding to two unknowns as x and y. No exact is exist fot the values of x and y which
is valid for all three equations. In the scenario of GPS, there are generally at least six
equations corresponds to four unknowns as 3D coordinates and time difference. Similar to
previous example, the solution of unknowns in GPS can not be calculated using traditional

algebraic methods.

Although overdetermined systems do not have a common solution set, various solution
methods that aims to converge to the most accurate result possible has been developed. These
methods are based on least squares, weighted least squares (WLS), algebraic method using

multilateration, Kalman filter.

In the conference paper published in 2013, Tian, Dong, Ning, and Fu gave an overview of
nonlinear least squares methods for estimating receiver position. They presented GPS
satellite pseudo-range observation equations by true GPS receiver and linearization of these
equations by Taylor expansion model. Weighted least squares method was used in
simulation. Although they mentioned weighting was based on elevation angle of observed
satellites, no numerical values were presented. The simulation results showed that weighted

least squares iterative algorithm is straightforward and rapid [24].
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In the paper published by Li and Wu in 2009, they presented a study about determining
weight elements based on SNR (signal-to-noise ratio) to be used in weighted least squares
method. They proposed a novel weight model employing an exponential function, and the
weight factors are normalized to calibrate the positioning accuracy. A thorough analysis of
the impact of parameters in the exponential model on positioning accuracy is conducted,
leading to the careful determination of these parameters. They tried different coefficients for
weights and decided the ones which gives most accurate result resulting least error. In
contrast to the positioning solution without weight and the sigma model, there was a
noticeable improvement in positioning accuracy, particularly at points with significant bias.
The lower the PDOP, the more precise the positioning solution [25].

In the paper published on 2014 by Doma and Sedeek, the estimation of GPS receiver position
using iterative least squares and extended Kalman filter was investigated. They focused on
determining the receiver coordinates for a fixed point using pseudorange measurements from
a single GPS receiver. The estimation of unknowns was accomplished by incorporating both
an Extended Kalman Filter (EKF) and Iterative Least Squares (ILS) in the processing.
Kalman filter, used often nowadays, elies on specific assumptions, and when these
assumptions are satisfied, it can provide optimal estimation and prediction. The Extended
Kalman Filter (EKF) not only demonstrated practical effectiveness but also possessed
theoretical appeal, as it was proven to be the filter that minimizes the variance of the
estimation mean square error. From the result of this study, Extended Kalman Filter was

more quality than Iterative Least Squares method [26].

Stephen Bancroft published a paper in 1985 which proposed a novel method to estimate the
position of a receiver. This method depended on an algebraic solution which is noniterative
in contrast to traditional least squares method known until that time. It is computationally
efficient and numerically stable because of the fact that it only involves algebraic operation.
The Bancroft method eases the processing and gets rid of iterations. Additionally, it
enhances accuracy in scenarios with poor geometric dilution of precision and enables a cold

start in deep space applications [27].

This thesis aims to explore the effects of three algortihms used in solution of overdetermined
system for GPS receiver position estimation, namely the least squares method, the weighted

least squares method, the multilateration method. A fixed GPS station whose position is
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known is used as a reference point, then the solution of three methods is compared with the
reference point. The accuracy in X, Y, and Z axes of three methods is calculated and best
method yields more precise solution is announced. It is assumed that other error sources do
not affect the comparison result. All three methods utilize the satellite positions and the
distances between the receiver and the saatellites. Even if this information may include errors
due to mentioned sources previously, they will appear on the solutions of the methods
equally. So, the method which gives the solution closer to reference is considered as the best
one rather than examining the real accuracy of the methods. Because it is known that other

error sources deflect real positioning accuracy.
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2. CONCEPT OF POSITION ESTIMATION IN GPS

The estimation of the receiver's position primarily depends on GPS satellite positions and
pseudoranges. Receivers acquire GPS satellite positions from broadcasted navigation
message. Satellite positions are stored as Keplerian parameters in navigation message, so the
receiver converts these parameters to Cartesian coordinates which takes Earth center as
origin point. Pseudoranges, which indicates travel time of signal between each visible GPS
satellite and receiver are measured and calculated at receiver side. As a result, pseudorange
equations consist of satellite positions and pseudorange measurements as the same number

of visible satellites are obtained.

The GPS system aims to determine the three-dimensional location of a receiver on Earth.
Each satellite in orbit sends its position along with time information to Earth at a specific
moment. Receivers on Earth calculate the time it takes for the signal to reach them by
subtracting the time which the signal was sent from the time which the signal was received.
The product of the travel time and the speed of light gives the distance between the satellite
and the receiver. Using the distances from different satellites, the receiver calculates its own

position.

In a coordinate system with three axes (X, Y, and Z), considering the Earth's center as the
origin, there are three unknowns to determine the receiver's position accurately. In addition
to the unknowns along the X, Y, and Z axes, there is another unknown due to the working
principle of the GPS system. While all GPS satellites have a synchronized clock, the clocks
in the receivers are not synchronized with the GPS system. The difference in clock
synchronization between the satellite and the receiver leads to errors in distance calculation.
Therefore, in the GPS system, there are a total of four unknowns: the time difference of the

receiver's clock, and the receiver's position along the X, Y, and Z axes.

From a mathematical perspective, to solve for the four unknowns, at least four equations are
needed. If a receiver can observe four satellites, four pseudorange equations can be formed
to calculate the distance between each satellite and the receiver. Thus, solving these four
pseudorange equations allows the determination of the four unknowns and the calculation

of the receiver's position. In other words, the receiver needs to observe at least four satellites
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to calculate its own position. However, receivers on Earth usually see more than four
satellites simultaneously. Therefore, there will be more than four pseudorange equations for
the four unknowns on the receiver's side. This study explores the impact of different

algorithms used to solve pseudorange equations on position accuracy.

2.1. Receiver and Satellite Coordinates

Various coordinate systems exist for expressing the position of a receiver on Earth. One such
system specifies the receiver's position in terms of latitude, longitude, and altitude. Earth-
centered Earth-fixed (ECEF) coordinate systems are used for this purpose, where the Earth's
center is the origin and there are three axes (X, Y, and Z). Latitude indicates how far north
or south the receiver is from the equator, while longitude indicates how far east or west it is
from the Prime Meridian. Altitude defines how high the receiver is from the sea level. Thus,
the receiver's three-dimensional position on Earth is defined with the help of these three

parameters.

While the notions of latitude and longitude can be used to determine the coordinates of any
point on Earth, they are not preferred for expressing the coordinates of celestial bodies like
GPS satellites due to the Earth's rotational motion. As the Earth rotates, the Prime Meridian
will also move. For a stationary celestial body around the Earth, its longtitude will be
changed over time due to motion of Prime Meridian. So, it is not possible to provide a
coordinate system regardless of time for celestial bodies. Instead, Earth-centered inertial
(ECI) coordinate systems are used, which remain fixed in space regardless of the Earth's

rotation.

Considering an infinite sphere in space with the Earth's center as the origin, the coordinates
of celestial bodies can be expressed independently of the Earth's rotation. An observer on
Earth can describe the coordinates of a celestial body on this sphere in terms of declination,
right ascension, and elevation. The projections of latitudes on this sphere are expressed as
declination. The point where the equatorial plane intersects the orbit around the Sun (vernal
equinox) is somewhat considered as Greenwich, and the right ascension passing through this
point indicates how long it take to observe the celestial body after observing the vernal
equinox point. Unlike longitude, right ascension is expressed in hours and minutes, covering

one full circle in 24 hours. Elevation is calculated by determining the vertical distance from
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the center of the Earth to the celestial body, providing a 3D position relative to the center of
the Earth.

2.2. GPS Ephemeris Information

GPS satellites send their positions in the navigation message. The ephemeris information in
the navigation message includes the orbital parameters of the satellites around the Earth and
their position at a specific moment on this orbit. These parameters are represented by

Keplerian parameters which is defined in ECI frame. They can be expressed in three groups.

First group explains the orbit shape of satellite around the Earth. According to Kepler’s law,
each celestial body has an elliptic orbit shape. For GPS satellites, one of the focal points of
orbit is located at Earth’s center. Second group defines orientation of the orbit with respect
to the Earth’s equatorial plane. Third group explains where the satellite is located along its
orbit.

2.2.1. Orbit shape

. Eccentricity: Describes how different the elliptical shape is from a perfect circle.
. Semi-Major Axis: The half-length of the axis passing through the ellipse's focal
points.

2.2.2. Orbit orientation

. Inclination: The orbit of the satellite and Earth’s equatorial plane intersects at two
points. The point where the satellite crosses the equatorial plane when it comes from
south is defined as right ascension point. The angle at which the satellite's orbit
intersects the Earth's equatorial plane in right ascension point is defined as inclination
angle.

. Argument of Periapsis: As the satellite progresses along its orbit, after passing the
right ascension point, the point where the focal points of its elliptical orbit intersect
the major axis is called the perigee point. As the satellite moves away from the Earth

after this point, it begins to approach the Earth again after passing this point. The
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angle between the perigee point and the right ascension point is defined as the
argument of periapsis.

. Longitude of Ascending Node: When the perigee point and the axis passing through
the focal points of the satellite's orbit and the center of the Earth are considered, the
angle between this axis and the vernal equinox axis is defined as the longitude of
ascending node. This parameter is used to determine the orientation of the satellite in

space independently of the Earth's rotation around its own axis.

2.2.3. Position of the orbit

. True Anomaly: The angle between the perigee point and the satellite's position on its
orbit.

2.3. Coordinate Transformation of Satellite Positions

To calculate the receiver's position from pseudorange equations, the coordinates of the
satellites sent in the ECI coordinate system in the navigation message need to be transformed
into the ECEF coordinate system that the receiver will use to determine its position. With a
couple set of equations, the parameters expressed in ECI frame which is contained in

navigation message can be converted to X, Y, and Z coordinates of ECEF reference system.

2.4. Calculating Receiver Position from Pseudorange Equations

GPS satellite orbits are designed so that at least six satellites are visible from any point on
Earth. This means that under normal conditions, there are at least six pseudorange equations
to calculate the four unknowns on the receiver's side. The number of equations in systems
with more equations than unknowns is known as overdetermined systems, and they do not
have a solution set. This is also true for the GPS system, where there is no common solution

for the X, Y, Z, and time difference unknowns.

Despite the lack of a common solution set for overdetermined systems, various solution
methods exist to converge to the most accurate result for all equations. This study

investigates the impact of these solution methods on the position accuracy of a GPS receiver.
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Eg. 2.1 shows pseudorange equation for one satellite.

i represents pseudorange

measurement of j" satellite. (x;, y;, z) mentions satellite coordinates of j" satellite as X, Y,
and Z axes, respectively. (xu, yu, zy, 0b,) terms are four unknows of equation which represent
X, Y, Z axes coordinates of receiver, and receiver clock bias, respectively. c is speed of light
and ¢ is other error correction terms which affect position accuracy due to previously

mentioned error sources.

5= J(xj-xuf +0i-3)’ + G- z) by e te (21)

Except for &, which can be calculated using some methods, there are four unknowns for
calculating receiver position which are (xu, yu, zu, 6b,). Since pseudorange is measured by
subtracting transmit time of signal from satellite and receiving time to receiver, both satellite
and receiver have to use common clock. While satellites have atomic clock made of
Rubidium and Cesium, receiver clocks are inexpensive and lack the precision required for
sensitive measurements. Therefore, receiver clock bias compared to GPS system clock is an
unknown for receiver and it must be solved to better estimate of receiver position. To
calculate all four unknowns, at least four different pseudorange equations are needed. In
other words, at least four different GPS satellites are needed to determine receiver position.
GPS satellite constellation is well designed to serve simultaneously all the Earth surface at
any time and a receiver in an open environment can observe at least six satellite. The
simulation in [28] shows that a receiver may observe up to twelve satellites at the same time
over 24 hours period. This means that the receiver must deal with up to twelve pseudorange
equations in consideration four unknowns to solve receiver position. This situation leads to
not obtaining an exact solution and such of these problems are defined as overdetermined

systems in literature [29].

Nevertheless, different methods are developed to estimate most probable solution. In this
study, estimation results by the least squares, the weighted least squares and the
multilateration methods are compared by means of their position accuracies. Exponential
and sigma models are used individually to set weight matrix in weighted least squares
method and their result are presented separately. Observation and navigation RINEX
(Receiver Independent Exchange Format) files from open platform are used as data sources

[30,31]. This open platform has measurements from stationary GPS receiver stations which
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their coordinates are known accurately and shared as “approximate position” in RINEX
observation files, so that coordinate has taken as reference receiver position to find positional
deviation of the results obtained from different position estimation algorithms. RINEX files
are resolved in a MATLAB code, then code is utilized to compare mentioned position
estimation algorithms [32]. The sigma-modeled weighted least squares method
demonstrated its superiority among other algorithms by estimating position with lowest

average error for same data.
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3. RECEIVER POSITION ESTIMATION METHODS

While GPS receiver has satellite positions and pseudorange measurements, it would be so
handy if more precise position accuracy of overdetermined problem is obtained by just doing
math. This provides us to improve quality of receiver position accuracy with no cost. How

position estimation is processed by three methods is investigated in this section.
3.1. Least Squares Method

The method of least squares provides an approximate solution for overdetermined systems.
If this method is applied to the equations in the system, the sum of the squares of the resulting
error amounts is the smallest possible value for the system's solution. Thus, the error amounts
are distributed with the lowest possible share to all equations, resulting in an approximate

solution set.

The method of least squares is only applied to linear systems. Since the pseudorange
equations are not linear, linearization processes are required to apply this method. As the
first step of the linearization process, an estimate is made for the receiver's position. The
estimated receiver's position is expressed as the estimated position in the X-axis (&), in the

Y-axis (77, ), in the Z-axis (Z,), and the estimated time difference (6b,) in Eq. 3.1.
~ ~ o~ o~ =T
oy = (Xy, ¥, Zu, 0by) (3.1)

According to this estimate, the pseudorange equation can be written as follows. This

equation is a function of the &, matrix which is expressed in Eq. 3.2.
7 = f () = (e 3, 20, 9by) 3.2)

The relationship between estimated and the real receiver's position is expressed with the Eq.
3.3 and Eq. 3.4. «, represents the real position of the receiver, @, represents the estimated
position of the receiver, and Aa represents the difference between the real position and the
estimated position of the receiver. a, is consist of actual user position in the X-axis (x,), in
the Y-axis (v ), in the Z-axis (z,), and actual time difference (db,) in Eq. 3.4.
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a, = Ao+ @, (3.3)
0= (X Y, Zu 0by)" (3.4)
When this equation is expressed as a function, it will appear as Eq. 3.5 and Eq. 3.6:

7 =f(a) =f(Aa+a) (3.5)
f(vy v, 20, 0by) = f ([(Ax + £ + [Ay + 7] + [Az + £]] + [ASD + 6b,]) (3.6)

The real receiver's position can be expressed as the estimated position, the estimated position
difference, and the error difference. Based on this, the function is expanded as a Taylor series
in Eqg. 3.7. Terms of higher orders are denoted as HOT.

f(Aa+ay)=TF(a,) + @ f(Aa) + HOT (3.7)

o

In the Taylor series expansion, terms of second order and higher are neglected. Since the
matrix of the difference between the estimated receiver's position and the real receiver's
position consists of four unknowns, its derivative is taken partially which is expressed in Eq.
3.8, Eq. 3.9, Eg. 3.10, Eq. 3.11, Eqg. 3.12, and Eq. 3.13.
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oby 7

(3.12)

1= G- 50 T %) (3.13)

When the calculated partial derivatives are used, the estimated pseudorange equation will
appear as in Eq. 3.14.

Xi=Xu i= Yu Zi=- Zu 5b‘5bu
i 'Axu+yjy'Ay+J Azg+ g

. . u . .
7j Tj Tj 7

5=t

- Adb, (3.14)

When the fractional terms are shown as a single term, the equation will be as Eq. 3.15 and
Eq 3.16.

At = ay - Axy +ayi - Ay +ay - Azt agy - Adb, (3.15)
At =1;-7 (3.16)
As seen, instead of the pseudorange equation, another equation is created with only the

coefficients of the unknowns. When calculating the receiver's position, as many equations

as the number of visible satellites will emerge.

Linear equations are equations that can be expressed as Eq. 3.17. If the pseudorange
equations are to be expressed in this form, they will appear as Eq. 3.18, Eq. 3.19, and Eq.
3.20.

A-x=B (3.17)

g1 dyl1  4z1  Qgbl
axy Qyy dzp Ak
A=|9%3 0ay3 4z3 Qdsb3 (3 18)
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X = (Axy, Ay, Az, ASD,)' (3.19)
B = (Aty, Ary, Aty ..., Azy)! (3.20)

If there are four equations, a common solution set is found. If there are more than four
equations, this system is an overdetermined system. In this case, the method of least squares

can be used.

First, the transpose of matrix A is multiplied on both sides of the equation as Eq. 3.21 and
Eq. 3.22. This operation makes the matrix sizes on both sides of the equation equal, and four

equations for four unknowns are obtained.

AT-A-x=AT-B (3.21)
ax1 axa ax3 Ay
(2251 a» ays a.;

A= . (3.22)
az az az3 cee g
asb1  Asb2  dgbz .-+ Agbj

Using the remaining four equations, the four unknowns are solved as Eq. 3.23, Eq. 3.24, Eq.
3.25, and Eq. 3.26).

bll . Axu + b12 : Ayu + b13 : AZu + b14 A@bu = ayq ’ATI + ax» 'A‘L'2 + ays 'AT3 +... (323)

b21 . Axu + b22 : Ayu + b23 : AZu + b24 A@bu = ayl ’ATI + Cly2 'A‘L'2 + ay3 'AT3 +... (324)

b31 . A.Xu + b32 : Ayu + b33 : AZu + b34 Aébu =a; 'AT] +a, 'ATZ +a, 'A‘Cj, +... (325)

b41 . Axu + b42 : Ayu + b43 : AZu + b44 Aébu =dgh1 'A‘L'] + agyy 'A‘L'z + asp3 'A‘L’3 + (326)

As it can be seen, the calculated values here are the values in the Aa matrix representing the
difference between the real receiver's position and the estimated receiver's position. In the
method of least squares, when pseudorange equations emerge, the center of the Earth can be

assumed as the initial estimate for the receiver's position. As a result of this estimate, another
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estimate closer to the real receiver's position is obtained by adding the Aa value to the
estimate. In this way, in a few iterations, much closer estimates to the real receiver's position

will be put forward.
3.2. Weighted Least Squares Method

The solution set obtained in the least squares method simply takes the average of the
measured values. In the weighted method, on the other hand, the aim is to increase the

influence of reliable measurements on the solution set [33].

Weighted least squares uses same idea with least squares method. Only difference in
algorithm is adding weights to Eq. 3.21. Formula used in weighted least squares is given in
Eqg. 3.27. Weighting is performed by multiplying both sides by R which is inverse of

covariance matrix. After this calculation, rest of the process is same as least squares method.
AT-RY-A-x=AT-R1-B (3.27)

A covariance matrix is constructed based on the variance value as shown in Eq. 3.28.
Although different approaches have been developed for weighting process, exponential and
sigma model weighting based on SNR is used this thesis. There are some models based on
elevation angle of visible satellites, however it is shown in [25] that the models based on
SNR are yields more reliable solution than the ones based on elevation angle. Variance
values can be determined by exponential and sigma weighting models. Both of weighting
models take SNR values of each satellite as weights of observation. More SNR value is

considered as more reliable observation.

R= diag(c?, o3, ... ,ajz) (3.28)
In the exponential-modeled weighted least squares method, variance values are calculated
as Eqg. 3.29 where s; is j™ covariance matrix and a, b, k is model parameters. Different values
of model parameters are tested in [25] and a =0, b = 1 and k = 0.3 is determined as optimal

condition for exponential model.



32

si=a +p- ek - (min(SNR) - SNR;) (329)
In sigma-modeled weighted least squares method, variance values are calculated as Eq. 3.30.
Different values of model parameters are tested in [25] and a =0 and b = 1.5 is determined
as optimal condition for sigma model.

si=Va+b- 100510 (3.30)

The sum of weighted factors is normalized by Eq. 3.31 and weights to be used in Eq. 3.27

are obtained.

I/N

o =i/ (I 57) (3.31)

Similar to the least squares method, in the case of the receiver's initial estimate, the center
of the Earth is assumed, and after a few iterations, very close estimates to the actual receiver

position are determined.
3.3. Multilateration Method

Global positioning systems are generally designed to calculate the receiver's position using
a trilateration method. To do this, three satellite distances to receiver are calculate. Three
different spheres are created which their center is located at each satellite and their radius is
the distance between each satellite to receiver. Three spheres give two intersection point.
The point near the Earth is accepted as receiver position as trilateration method. In everyday
use scenarios, receivers obtain distances from more than three satellites. Therefore, a
common intersection point may not be obtained for more than three spheres, so receiver
position cannot be provided. With the multilateration method, an algebraic estimate for the

receiver's position is provided without the need for an iteration [27].

If number of observed satellites is only four and nonexistence of other errors, multilateration
method brought forward by Bancroft gives true position. For more than four satellites,
Moore-Penrose pseudoinversion should be implemented to get more accurate solution [34].

In this method, nx4 data matrix consists of satellite positions and pseudoranges is
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constructed as Eq. 3.32 and Eq. 3.33. g; represents data matrix of j" satellite. S matrix keeps

data matrixes of observed satellites.

S=(ay,ayas,...,a,)" (3.32)
a; = (x5, 5,21, 7)" (3.33)
Bancroft utilize Minkowski sum to implement a solution for overdetermined problem.

Formulation of Minkoswki is shown in Eq. 3.34. It is applied to data matrixes of all observed

satellites and construct r matrix as Eq. 3.35 and Eq. 3.36. r; represents half of Minkowski

sum for j™ satellite.

(a,b)Zal'b1+a2'b2+a3'b3—a4'b4 (334)
ri ={aj,a;) | 2. 3.35)
F=(r, 720 13 eens T)' (3.36)

H matrix of generalized inverse function is calculated as Eq. 3.37. If so, any weight is known,
this H matrix can be modified with weights. However, it is not covered in this study.

H=(ST-S)t 8T (3.37)

E, F and G coefficients are calculated as Eq. 3.38, Eq. 3.39, and Eq. 3.40. u and v parameters
are defined in Eq. 3.41 and Eq. 3.42. i, identity matrix to calculate u shown in Eq. 3.43.

E = (u, u) (3.38)
F = (w1 639
G=(v) (3.40)

u=H-i (3.41)



V=H-r (3.42)
iv=0,1,1,..,10" (3.43)
E, F and G coefficients used to calculate roots of 2 which is in Eq. 3.44.

E-2+2-F-1+G=0 (3.44)

Eq. 3.44 provides two roots for 4 which are 11,2. Column vectors in Eq. 3.45 is calculated

using these roots, y, ,.

Vip = AM2-u+v (3.45)

The vector y gives x user position and b receiver clock offset as Eq. 3.46. Although there are
two solutions for Eq. 3.45, actual solution can be determined by checking the user position

solution via pseudorange equation in Eq. 2.1.

y'=(x"-b)" (3.46)
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4. TEST SETUP AND RESULTS

In the context of this thesis, it is aimed to compare three different estimation method. RINEX

files is processed in MATLAB and analyzed.

4.1. RINEX Navigation and Observation Files

Position estimation methods require satellite positions in view and pseudorange
measurements of each satellite to receiver. RINEX data format provides this information.
RINEX files is commonly accepted as a standard and various institution in the world is
present their hourly or daily datasets in this format. IGS and RCTM (Radio Technical
Commission for Maritime Services) are responsible for updating and maintaining the
RINEX format to meet the needs of the IGS and the GNSS Industry. IGS distributes older
and last versions of the RINEX standard freely in [35]. The satellite positions are acquired
from RINEX navigation file and pseudorange measurements from RINEX observation file
[30, 31].

RINEX observation file stores pseudorange measurements for visible satellites to user along
with some error corrections measurements to compensate errors like ionospheric and
tropospheric delays. It can be dealed with in two parts, the header section, and the
measurements section. Bislin made a clear explanation and demonstration about how the
RINEX observation data is read on his blog [36]. Figure 4.1. shows the header part and just

two measurements of observation of a RINEX observation file.

In the header area of observation file, there are a lot of useful information about the
observation and the station. RINEX version, measurement time, the satellites observed
during measurement, antenna type of the receiver are a few contents of the file. The row of
“# | TYPES OF OBSERV” is colored and explained with ease in Figure 4.1. In the
mentioned example, this row clarifies that observation consists of 5 different types, C1, C2,
L1, L2, and P2. The observations in the second section from each type is shown in Figure
4.1. Executive institution of stationary GPS station provides receiver position as

“Approximate position XYZ” in WGS84 ECEF coordinates. This position is accepted as
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true reference value for the output of three different position estimation methods under

investigation.

RINEX navigation file stores ephemeris data which is broadcasted in the same content from
all satellites. Ephemeris data is structure of satellite positions in all GPS orbits and this data
uses Keplerian parameters to define satellite positions. Since ephemeris data is accepted to
be valid for two minutes, RINEX navigation file keeps ephemeris data within two minutes
period. It should not be forgotten that before defining these parameters to position estimation

algorithms, correction of Earth rotation must be performed to satellite positions.

Similar to observation file, RINEX navigation file consists of header and measurement

sections. In the header section, the user is informed about RINEX version, RINEX type,

measurement time, ionospheric corrections etc.

2.11

cnvtToRINEX 3.08.0

0034

GNSS Observer

5736470034

OBSERVATION DATA
convertToRINEX OFR

Trimble
TRIMBLE R10

TRMR10

(51
NONE

-8924.2185 -5507652.1952 3205740.9469

30

Mixed (MIXED)
13-Feb-19 17:58 UTC

RINEX VERSION / TYDE
PGM / RUN BY / DATE
COMMENT
MARKER NAME
MARKER NUMBER
OBSERVER / AGENCY
REC # / TYPE / VERS
ANT 4 / TYDE
APPROX POSITION XYZ

1.5850 0.0000 0.0000 ANTENNA: DELTA H/E/N
- E 0 (Observation Data for Satellite G10, G12, ... |
1.0 .
2010 O]O 1 C1, C2, P2: Pseudo Range (Distance to Satellite)
2019 1 L1, L2: Carrier Phase
0
18 Yellow Field: Loss of Lock Indicator
o 0 or blank: OK or not known
Gl0 4035 4022
c12 3986 3939 Bit 0: Lost Lock
Gld 4030 Bit 1: Opposite Wavelength Factor
£ 4_ S0 Bit 2: Under Antispoofing
G21 2712
ool alhs aeee Behind Yellow Field: Signal Strength
@32 4433 4028 0 or blank = unknown, 1 = min, 9 = max )
CARRIER PHASE MEASUREMENTS: PHASE SHIFTS REMOTED COMMEN
END OF ER
19 1 516 24 11.00000 20jc21jz24c31jc32
20673894.914 7 20673897.582 9 108642047.50917 B84656157.17819 20673898.50048
24514584.992 5 24514588.410 8 128825021 .25715 00383159.62918 24514588.45346
22096320.398 © 116116947.09016 120480756.53457 22096322.10547
20649612.984 © 108514449.03416 84556718.97958 20649615.22348
22727231.258 5 119432399.44115 93064217.60156 22727230.50846
23548843.852 5 23548849.438 8 123750006.77015 96428598.62618 23548848.83246
23770864.883 6 23770867.926 8 124916742.23016 97337721.14518 23770868.44946
21580769.086 7 21280773.453 9 111831197.42517 87141209.3801% 21280773.89848
19 1 5 16 24 12.0000000 0O 8Gl0G12G614G20G21G24G31G32
20673787.609 7 20673790.762 9 108641484.816 7 B84655718.718 9 20673791.29348
24514314.883 5 24514318.414 8 128823601.798 5 100382053.557 8 24514318.42646
22096122.836 © 116115910.326 6 920479%48.67447 22096124.597747
20649828.898 © 108515582.444 6 84557602.16348 20649830.72348
22727841.766 5 119435610.858 5 93066720.01946 22727840.87546
23549497 .172 5 23549502.707 8 123753438.215 5 96431272.471 8 23549502.31646
23770183.133 6 23770185.832 8 124913161.207 6 97334930.740 8 23770186.3444¢6
21280692.422 7 21280696.422 9 111830793.490 7 87140894.628 9 21280696.69948

Figure 4.1. The demonstration of some coloumns in RINEX observation file [36]
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4.2. MATLAB Code

MATLAB code of [32] is used to read RINEX files with some corrections and additions,
like making it suitable to read RINEX 3 observation files. For multilateration method,
MATLAB code of [37] is provided to implement the method. The code firstly performs
ionospheric and tropospheric corrections to pseudorange measurements following by
correction of Earth rotation to satellite positions. Then, the code is implemented which
includes three different position estimation methods and their comparison of reference
receiver position. For least squares and weighted least squares methods, five iterations are
performed for each measurement. The code is utilized and designed flexible to perform as
much as the number of desired epochs. The used MATLAB code is uploaded to GitHub, and

it is accessible on [38].

4.3. The Reference GPS Station

To present at this thesis, observation, and navigation RINEX files from AMC400USA
station of IGS (International GNSS Service) network is chosen. AMC stands for Alternate
Master Clock. This station is located near Colorado Springs, USA which is shown in Map
4.1. The fixed stations of 1GS network have ability to measure their locaitions so precisely
that, for example, the fixed station in Ankara measured about 6 mm displacement during the

earthquake happened in the south-eastern of Turkey on February 6, 2023 [39].

Both observation and navigation RINEX files are generated on January 31, 2023, and
observation file contains information of 30 seconds period while navigation file has two
minutes period [30, 31]. First few measurements and header sections of obervation and
navigation RINEX files are presented in APPENDIX-1 and APPENDIX-2, respectively.
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Ciudad

Map 4.1. The location of AMC400USA station

4.4. Determining Weights for WLS Method

SNR values which are taken as weight are obtained from S1 and S2 parameters of
observations file. Exponential and sigma weighting models are used to get weighted least
squares solution. While both models are utilized for taking SNR measurements to determine
weights, their variance calculations are slightly different. Variance calculation of
exponential model is given in Eq. 3.29 and variance calculation of sigma model is given in
Eqg. 3.30. The coefficients in these calculations were analyzed in [25]. For exponential
model, a =0, b = 1 and k = 0.3 were the best values. For sigma model, a=0and b = 1.e5
were the best values. These recommended values are rechecked to look forward a better
result as a part of this study. Then, different coefficients are tested if another weighting

calculation gives better solution.

4.4.1. Coefficients for exponential modeled WLS

Figure 4.2. shows mean error of different model parameters in the exponential modeled
weighted least squares method for each epoch. Figure 4.3., Figure 4.4. and Figure 4.5. shows
errors in each axis for each epoch. These figures are recorded for 3 000 seconds. Since each

observation is made within 30 seconds, totally 100 measurements are compared.
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Figure 4.2. Mean error of different model parameters in exponential model for each epoch
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Figure 4.3. X axis error of different model parameters in exponential model for each epoch
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Figure 4.4. Y axis error of different model parameters in exponential model for each epoch
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Figure 4.5. Z axis error of different model parameters in exponential model for each epoch

Table 4.1. shows average error and mean errors in each axis of different model parameters
used in exponential modeled weighted least squares method. It summarizes figures which
presents errors in each epoch and basically takes average of whole measurements. These
results implies that best model parameters which provides least mean error is acquired when
a=0,b=1andk =0.8is chosen.



Table 4.1. Errors of different model parameters for exponential model

Average X Axis Y AXis Z Axis
Error (m) Mean Mean Mean
Error (m) | Error (m) | Error (m)

a=0,b=1,k=03 8.66 9.92 6.14 9.77
a=0,b=1,k=0.6 8.01 9.05 5.92 11.67
a=0,b=1,k=0.8 7.97 8.94 6.03 11.72
a=0,b=1k=1 7.99 8.91 6.14 11.66
a=0.03,b=1k=0.1 9.98 11.28 7.37 4.66
a=0.03,b=1k=0.2 9.58 11.19 6.36 4.57
a=0.03,b=1k=0.3 9.68 11.35 6.33 5.05
a=0.05b=1k=0.2 10.05 11.34 7.49 5.17
a=0.05b=1k=0.3 9.76 11.32 6.64 4.57
a=0.05b=1k=04 9.84 11.46 6.60 5.03
a=01,b=1,k=0.2 10.23 11.45 7.78 6.21
a=01,b=1k=0.3 10.04 11.50 7.14 5.40
a=01,b=1,k=04 10.10 11.62 7.07 5.70
No weight 11.54 11.94 10.76 13.99

4.4.2. Coefficients for sigma modeled WLS
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Figure 4.6. shows mean error of different model parameters in the sigma modeled weighted

least squares method for each epoch. Figure 4.7., Figure 4.8. and Figure 4.9. shows errors in

each axis for each epoch. These figures are recorded for 3 000 seconds. Since each

observation is made within 30 seconds, totally 100 measurements are compared.
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Figure 4.6. Mean error of different model parameters in sigma model for each epoch
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Figure 4.7. X axis error of different model parameters in sigma model for each epoch
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Figure 4.8. Y axis error of different model parameters in sigma model for each epoch
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Figure 4.9. Z axis error of different model parameters in sigma model for each epoch

Table 4.2. shows average error and mean errors in each axis of different model parameters
used in sigma modeled weighted least squares method. These results implies that best model

parameters which provides least mean error is acquired when a = 3 and b = 1.e5 is chosen.
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Table 4.2. Errors of different model parameters for sigma model

Average X Axis Y AXis Z Axis
Error (m) Mean Mean Mean
Error (m) | Error (m) | Error (m)

a=0,b=1.e3 9.73 11.06 7.05 3.82
a=0.01,b=1e3 9.60 11.08 6.63 3.80
a=02,b=1.e3 9.84 11.42 6.66 5.13
a=0,b=1e5 9.73 11.06 7.05 3.82
a=2,b=1e5 9.56 11.11 6.47 3.86
a=3,b=1.e5 9.55 11.13 6.39 3.97
a=4,b=1e5 9.56 11.16 6.36 4.06
a=250,b=1.e7 9.56 11.12 6.43 3.92
a=300,b=1.e7 9.55 11.13 6.39 3.97
a=360,b=1.e7 9.56 11.15 6.37 4.02
No weight 11.54 11.94 10.76 13.99

4.5. Comparison of Different Methods

Figure 4.10. shows mean error of different position estimation methods for each epoch.
Figure 4.11., Figure 4.12. and Figure 4.13. shows errors in each axis for each epoch. These
figures are recorded for 3 000 seconds. Since each observation is made within 30 seconds,

totally 100 measurements are compared.
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Figure 4.10. Mean position error of different estimation methods for each epoch
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Figure 4.11. X axis position error of different estimation methods for each epoch
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Figure 4.12. Y axis position error of different estimation methods for each epoch
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Figure 4.13. Z axis position error of different estimation methods for each epoch

Table 4.3. shows errors of each method after averaging over 100 samples. It includes total
mean error in addition to separately calculateded errors in X, Y and Z axis. As seen mean
error in Table 4.3., exponential modeled weighted least squares method provided least

position error.



Table 4.3. Comparison of position errors for estimation methods
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Average X Axis Y Axis Z Axis
Error (?n) Mean Mean Mean
Error (m) | Error (m) | Error (m)
Least Squares Method 11.54 11.94 10.76 13.99
Exponential-modeled Weighted Least 797 8.94 6.03 11.72
Squares Method
Sigma-modeled Weighted Least Squares 9.55 11.13 6.39 3.97
Method
Multilateration Algebraic Method 11.69 11.82 11.42 15.56
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5. DISCUSSION

In this thesis, least squares method, weighted least squares method, and multilateration
method are compared in terms of positioning errors. In the weighted least squares method,
exponential and sigma models are used to determine weights. Different values are tried for
the coefficients used in these models, and the coefficients providing the least position error
are investigated. These coefficients show very little difference compared to other studies in

the literature.

In [25], conference paper explained that the optimal values for the coefficients in exponential
model are presented as a = 0, b = 1, and k = 0.3 so that the solution yields least mean
positioning error. However, in the study conducted within the scope of the thesis, the optimal
values are calculated as a =0, b = 1 and k = 0.8. The variation in optimal model parameters
highlights the challenge of developing a model that performs effectively across diverse
environments. The model determines how much weight should given to each measurement.
Because the model is only based on SNR values, other factors which effect the relialibility
of measurements is ignored. So, the difference between thesis study and [25] may showed

up because of other factors.

In [25], mean positioning error is increased while a variable is scaled up and k variable is
kept constant. If k variable is scaled up beginning from zero and a variable kept constant,
mean position error converges until an uncertain point. Then, it begins to diverge. In the
study within the scope of this thesis, changes in position estimation error depending on a

and k variables occurred similarly.

The coefficients used in the sigma model are decided asa =0 and b = 1.e5 to minimize the
position error in [40]. In the study conducted within the scope of this thesis,a =3 and b =
1.e5 values are found which yields least mean positioning error. Same arguments mentioned
for exponential model is valid for the sigma model. The difference between thesis study and

[40] may showed up because of other factors.

Exponential modeled weighted least squares method which yields 7.97 meters error on

average provides best estimate among other methods. In the thesis study, a 31% reduction
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in average positioning error is observed with exponential model and 17% error reduction
with sigma model weighted least squares solution compared to the least squares method.
Average positioning error is corrected up to 10% using exponential modeled and 7% using
sigma modeled weighted least squares method compared to least squares method in [25]. On
the other hand, average positioning error is enhanced 49% using sigma modeled weighted
least squares method compared to least squares in [40]. The results for thesis are between
the ones in literature. In addition, the thesis study showed that multilateration method yields

1% worse estimation with respect to least squares.

The variation in position estimation errors on the X, Y and Z axes has been investigated
separately within the thesis, too. Although weighted least squares method with the
exponential model has resulted in lower average position errors, the difference of mean
errors in Z axis deserves to mention. Sigma modeled weighted least squares method provides
best solution in Z axis with 3.97 meters average error. This result is 66% better than
exponential modeled weighted least squares. In the thesis study, sigma model decreased the
mean error at a rate of 7% in X axis, 41% in Y axis and 72% in Z axis. In [40], sigma model
weighted least squares method enhanced the mean accuracy of estimate at a rate of 41% in
Y axis, 70% in Z axis while a deteoration is observed at a rate of 86% in X axis. The results
for each axis contradict when it comes to X axis. It was expected to see same enhancements
in X axis for the study in [40], however the environmental conditions and receiver hardware

may affect the result.
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6. CONCLUSION

In this thesis, three different position estimation methods used in the solutions of GPS
pseudorange equations, namely least squares, weighted least squares, and multilateration
methods, were compared to investigate which one of them provides better position accuracy.
Exponential and sigma weighting models were used for weighted least squares method.
Positon estimation methods take the satellite positions and pseudorange measurements, then
they yield receiver position after processing data in their own ways. A fixed GPS station was
selected for test and simulation. This station publishes online its measurements and its
certain coordinate on Earth as RINEX files. Satellite positions was obtained from
observation file and pseudorange measurement was obtained from navigation file from this
station. A MATLAB code was utilized to scan and separate required information from
RINEX files. Then, same MATLAB code was used to process position estimation methods.
All methods had same inputs as satellite positions and pseudorange measurements, however
they gave different position estimations. Effectiveness of three different position estimation

methods is compared by the difference to the real location of the fixed station.

This thesis showed that weighting based on SNR improves position estimation accuracy
significantly. Exponential model weighted least squares methods estimates receiver position
31% more precisely than least squares method. Sigma model weighted least squares methods
enhances the positioning accuracy at a rate of 17% compared to least squares method. On
the other hand, multilateration method makes the estimation only 1% worse compared to

least squares method.

Least squares method is widely used in industry and became a basic approach of position
estimation. However, each visible satellite can not provide data at the same reliability. The
signals of satellites can exposure to different amounts of environmental impacts. For
example, the signal from a satellite at horizon spends more time in ionosphere and
troposphere compared to a satellite at the zenith of the receiver. Weighted least squares
method recommends a solution which give more emphasis to reliable measurements. This
method is applied in some advanced receivers and there are lots of studies on how weighting
can be done. This thesis will contribute to the literature about how to determine weights and

explore the impacts of weighting solution.
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While least squares and weighted least squares methods requires iteration, multilateration
method estimates position via algebraic calculation. This thesis showed that this method is

relatively realiable and can be preferred in the absence of smart devices.

The statistical test results are detailed and compared with previous research in literature in
“Discussion” section. Test results are generally consistent with the studies in literature.
However, the measurements and processing the data may leads to differences in solutions.
For example, it is not known that how good multipath errors are eliminated in other studies.
Thus, model parameters in weighted least squares method in the thesis study are slightly
different from the recommended values in some literature sources. In another perspective,
the differences between thesis study and literature sources concludes that it is difficult to
create a weighing model without considering or eliminating other error sources. Thus, it can
be said that it is hard to implement theoretical suggestions to practical solutions unless all

medium and environmental impacts are thoroughly analyzed.

For the future works, same methods and same model parameters may be implemented with
different GPS data to see the weighting model is consistent. Different weighting model based
on alternative properties may be investigated. Coefficients in known weighting model may
be examined to determine the optimum values via artificial intelligence. Initial values in least
squares and weighted least squares methods may be considered to reach the solution faster
or to acquire a better estimation. The estimation of multilateration mehod may be used as

the initial condition of least squares and weighted least squares methods.
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APPENDIX 1. Observation RINEX File
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APPENDIX 2. Navigation RINEX File
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