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ARTICLE INFO ABSTRACT

Keywords: In order to accurately estimate the regression coefficients in a multiple linear regression model having multi-
Monte Carlo simulation collinearity, ridge regression is a well-liked biased estimation technique used as an alternative to the least
Multicollinearity

squares method. So far, numerous estimators have been proposed for ridge parameter estimation in the ridge
regression method. In this study, a robust ridge parameter estimator that performs better than the 366 different
ridge parameter estimators proposed in the literature to date has been developed using the "search method". In
contrast to the studies in the literature, in addition to the Mean Square Error (MSE) criterion both the estimators
and the developed robust ridge parameter estimator have been assessed in terms of outliers and normality.
Furthermore, a simulation design with a total of 6050 cases were included in the study which corresponds to
parameter values that varied widely in terms of the number of independent variables (p), sample size (n), cor-
relation coefficient between independent variables (p), and standard deviation of errors (o). Significant inter
linear associations among the MSE, outlier detection and normality criteria were found. Results from the con-
ducted simulation study revealed that the proposed robust ridge parameter estimator was the most effective one
in terms of these three criteria, regardless of the number of regressors, sample size, multicollinearity level, and
standard deviation of errors.

Ridge regression
Search method

1. Introduction

Multiple linear regression is a powerful statistical technique widely
used by researchers to examine the linear relationship between a
continuous dependent variable and multiple independent variables. The
classical Ordinary Least Squares (OLS) approach, used to estimate the
coefficients of this model, is an unbiased with minimum variance
method under the assumption that covariates are exogenous to the error,
or in the case of fixed covariates, if the error has zero mean. This
assumption, however, is violated if there is a close-linear relationship
between the regressors, leading to the "multicollinearity" that Frisch
(1934) first identified.

Isolating the relationship between each independent variable and the
dependent variable is one of the primary aims of multiple linear
regression analysis. For any fixed coefficient, it is interpreted as the
average change in the dependent variable caused by a one-unit change
in the independent variable associated with that coefficient when all
other independent variables are held constant in a regression model; this
is assuming that only the value of that single independent variable can

change. However, when independent variables are correlated, a change
in any independent variable will result in a change in the value of
another independent variable (Frost, 2019). Multicollinearity can lead
to problems for each coefficient, including inaccurate estimates, exces-
sive growth of standard deviations, incorrect t-tests, and inaccurate
confidence intervals (Saleh, Arashi, & Kibria, 2019). The relationship
between the collinearity level and the standard error of each ; (i =0,--,
p) slope coefficient can be easily seen from the following Equation (1),

se(B) = > *yi)z
" \/E(xff)z(lR?)(n—p—l)

where y; is the observation vector, y; denotes the estimation vector

obtained from Y= X§ in which X is the n x (p+1) dimensional design
matrix containing constant and p observation vectors, n is the sample

. @

size and p is the number of regressors. (1 — R?) represents the tolerance
value where R? is the coefficient of determination obtained from the
auxiliary model (e.g.,x1; = f +f1 X2+ +B,Xp) in which x; is the
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dependent variable and the other independent variables are predictors.
Assume that there are two independent variables in a linear regression
model, and their correlation is 0.95. In this case, the tolerance value (1 —
0.952) is 0.098. However, if the correlation between x; and x, is 0.25,
the tolerance value (1 — 0.252) increases to 0.438. Accordingly, when
the sum of squares of x; and y is held constant, as the tolerance value
decreases, — that is, as the correlation value between x; and x, increases
— so does the standard error value of the regression coefficients (Hoff-
man, 2022). The more the correlation approaches to one, the more the

variances for the J; coefficients tend to go to infinity, making it difficult
to draw reliable statistical inferences about the regression coefficients. It
is worth emphasizing that multicollinearity does not have a negative

effect on the Y prediction values calculated over the multiple linear
regression model. Instead, it only has a negative effect on statistical
tests, estimations, and interpretations of each coefficient.

Many techniques for dealing with multicollinearity have been
developed, including adding more observations to the sample, principal
component analysis, factor analysis, and ridge regression (RR).

Ridge regression is a biased estimation technique and was developed
as an alternative to OLS, which is unbiased but prone to produce high
variance in coefficient estimations. The basic operation in this method is
to add a small positive value (k) to the diagonal elements of the (p +1)x
(p +1) dimensional (XX) matrix used in OLS coefficient estimation. This
approach prevents the overinflating of regression coefficient variances,
enhancing the reliability of statistical inferences regarding the co-
efficients.

Many estimators for estimating the ridge parameter k have been
proposed by researchers to date. When evaluating the performances of
estimators, Mean Square Error (MSE) criterion has been the only
commonly used criterion so far and may be presented as follows:

(=B’

In virtually no study or analysis in this field has a tool been presented
taking into account the range of the ridge parameter estimators to
determine possible outlier (anomalies) or skewness in the distribution of
ridge parameter estimators. From this perspective, Mermi, Goktas, and
Akkus (2021) evaluated the performance of 80 different ridge parameter
estimators proposed in the literature, using the MSE criterion as well as
the criteria for the calculated values of ridge parameter estimators to be
in the range of 0-10 and assuring normality of ridge parameter esti-
mators. On the other hand, it has been determined that the performances
of all ridge parameter estimators proposed in the literature are consid-
ered in a very narrow scope in terms of simulation parameters related to
the number of regressors (p), sample size (n), correlation level among
regressors (p) and standard deviation of errors (¢). This highlights the
lack of a robust ridge parameter estimator that can be applied in practice
and perform well in case of real-life data with a wide range of p, n, p, and
o values. In order to fill this gap in the literature, Goktas, Akkus, and
Kuvat (2021) developed the "search method" and proposed a robust
ridge parameter estimator. However, this proposed estimator was ob-
tained by linear combinations of three estimators, which were deter-
mined to be the most efficient among only 37 different ridge parameter
estimators whose performances were considered by Goktas and Seving
(2016) in terms of MSE criterion. In the majority of the 324 cases
designed with different values of p, n, and p in a Monte Carlo simulation
analysis, the robust estimator developed was found to be more efficient
than the three estimators in terms of MSE.

This paper primarily aims to develop a robust ridge parameter esti-
mator that outperforms the other 366 estimators in most of the 6050
total cases considered in a wide range of p, n, p, and o, by integrating a
total of 366 different ridge parameter estimators proposed in the liter-
ature to date into the search method. The reason why we call the
developed ridge parameter estimator “robust” is that its use is free of
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sample size, collinearity level, number of regressors, and error variance.
In addition to the MSE criterion, two additional criteria proposed by
Mermi et al. (2021) have been improved to assess the performance of
these estimators. These updated criteria include outlier detection within
calculated ridge parameter estimators based on the "median absolute
deviation" method and normality assessment utilizing skewness and
kurtosis coefficients. Thereby, out of the 366 ridge parameter estimators
proposed in the literature, an estimator that is developed to be robust
performs better in terms of these three criteria in the majority of the
6050 cases. In this regard, the proposed robust ridge parameter esti-
mator will resolve the confusion prevailing in the literature over which
ridge parameter estimator to use in any case of p, n, p, and c.

Finally, a Spearman’s rank correlation analysis is conducted to
determine the intercorrelations between the three different criteria
considered for the ridge parameter estimators.

2. Literature review

In ridge regression method, it is crucial to accurately estimate the
ridge parameter in accordance with p, n, p, and ¢ parameter values that
vary owing to the structure of the data in practice. This section reviews
studies on ridge parameter estimation from the development of the or-
dinary ridge regression model to the present, mostly using the MSE
criterion for performance evaluation.

Hoerl and Kennard (1970), who proposed the ridge regression
technique, presented an estimator for estimating ridge parameter in
their first study. Furthermore, using a graphical technique called "ridge
trace," the change in total variance and bias values of regression co-
efficients, as well as the change in MSE value derived from ridge
regression, in response to k values varying in the 0-1 range can be
observed. Thus, it has been illustrated that an optimal ridge parameter
value with a reasonable variance and bias can be obtained. In another
subsequent study, Hoerl, Kennard, and Baldwin (1975) proposed a new
ridge parameter estimator, which proved to be superior to OLS through
simulation. Later, Lawless and Wang (1976) compared the performance
of some proposed estimators for the generalized ridge regression
method, and Hoerl et al.’s (1975) estimator, together with a new ridge
parameter estimator they proposed. The simulation analysis demon-
strated that the proposed estimator, together with the estimator by
Hoerl et al. (1975), surpassed the others in terms of two widely used
MSE criteria. In further studies, Kibria (2003) proposed three new ridge
parameter estimators, examining their performances with simulated and
real-world data with the estimators proposed by Hoerl and Kennard
(1970), Hoerl et al. (1975) and Lawless and Wang (1976), as well as
OLS. It was reported that those new estimators are superior to others
under certain conditions. Alkhamisi and Shukur (2007) presented six
new ridge parameter estimators, including the estimators proposed, by
applying the median and arithmetic mean techniques used by Kibria
(2003). It has been revealed by the Monte Carlo simulation study that at
least one of the proposed estimators outperforms the OLS and the esti-
mator proposed by Hoerl and Kennard (1970), both in terms of the MSE
and proportion of replications criterion for which the OLS estimator
produces an MSE smaller than the MSE of others. Dorugade and Kashid
(2010) proposed a new ridge parameter estimator based on Hoerl and
Kennard’s (1970) estimator and the variance inflation factor of re-
gressors. They have conducted a simulation study which comprised of
the estimators proposed by Hoerl and Kennard (1970), Lawless and
Wang (1976), Nomura (1988) and Khalaf and Shukur (2005), showing
that the proposed estimator is more efficient than the others. Muniz,
Kibria, Mansson, and Shukur (2012) proposed five new ridge parameter
estimators by modifying Khalaf and Shukur’s (2005) estimator using the
square root transformation method developed by Alkhamisi and Shukur
(2008). The efficiency of 19 different estimators, including the proposed
estimators, was compared through Monte Carlo simulation analysis. It
was stated that the proposed estimators perform better than some
others. Khalaf and Iguernane (2014) proposed four new ridge parameter
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estimators consisting of a kind of function as well as the arithmetic,
geometric, and harmonic means of the ridge parameter estimators pro-
posed by Hoerl and Kennard (1970) and Hoerl et al. (1975). The simu-
lation study findings demonstrated that new estimators are more
effective than those proposed by Hoerl and Kennard (1970) and Hoerl
et al. (1975) under certain conditions.

When it comes to current studies, Dorugade (2016) determined the
ridge parameter estimator as the standard deviation of the
OLS-estimated regression model, in contrast to previous studies.
Simulation-based performance comparisons were carried out with some
ridge parameter estimators used in the literature for different types of
models contaminated with outliers or errors violating normality. The
proposed ridge parameter estimator has proven to be more efficient than
the OLS estimator, Hoerl and Kennard’s (1970) estimator, the jackknifed
modified ridge estimator, and the jackknifed ridge M-estimator. Kibria
and Banik (2016) presented five different ridge parameter estimators
derived from the arithmetic mean, median, maximum value, geometric
mean, and harmonic mean of some previously proposed estimators.
Through a simulation study and two real-world data sets, the proposed
estimators were compared with 28 different estimators. Their simulation
results proved that beside their proposed estimators, some other esti-
mators also performed better than the popular estimators in the study.
Lukman, Ayinde, and Ajiboye (2017) applied various transformation
techniques used in Lukman and Ayinde’s (2017) study to the ridge
parameter estimators proposed by Dorugade (2014a) and Karai-
brahimoglu, Asar, and Genc (2016). The performance of the new ridge
parameter estimators obtained in this way was compared with some
popular estimators in the literature via Monte Carlo simulation. The
comparisons indicated that the new ridge parameter estimators obtained
based on the estimator proposed by Karaibrahimoglu et al. (2016) have
lower MSE values than the others in general. Lukman and Olatunji
(2018) proposed a new estimator consisting of a modification of the
ridge parameter estimator proposed by Dorugade (2016) outperforming
OLS and the estimators proposed by Hoerl and Kennard (1970), Hoerl
et al. (1975) and Dorugade (2016). Lukman, Oluyemi, Akanbi, and
Clement (2018) compared the performance of several new ridge
parameter estimators obtained using the transformation techniques of
Alkhamisi, Khalaf, and Shukur (2006) and Lukman and Ayinde (2017),
through their relative efficiency values relative to the OLS estimator.
The Monte Carlo simulation analysis revealed that the performance of
ridge parameter estimators varies with sample size, degree of multi-
collinearity, and error variances. Further, it was concluded that under
certain conditions, the estimators obtained by some transformation
techniques are more effective than others. Bhat and Vidya (2020) took a
different approach, defining the first and second largest eigenvalues of
the (XX) matrix as weights. Using these weights, two new ridge
parameter estimators based on the weighted geometric and harmonic
means of the estimators proposed by Hoerl et al. (1975) and Dorugade
and Kashid (2010) were proposed. It was found that the performance of
these proposed estimators is more satisfactory than other estimators
discussed in the study and provides more stable estimations. Qasim,
Mansson, and Kibria (2021) presented a new ridge regression estimation
method for the beta regression model to address the instability of the
classic maximum likelihood (ML) method in the presence of multi-
collinearity. In this method, the performance of five new estimators
proposed in their study and several popular estimators proposed for the
ordinary ridge regression method used for ridge parameter estimation
were evaluated via Monte Carlo simulation and real data analysis. They
demonstrated that the proposed estimators outperform some others,
including the ML approach, in terms of both MSE and median square
error criteria. Recently, Kibria (2022) considered more than 100 esti-
mators for estimating ridge or shrinkage parameter k for both linear and
non-linear regression models.

Based on those aforementioned major publications with respect to
ridge regression analysis, it seems that in most studies the common
feature of these estimators is that their performance was mostly evalu-
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ated based on only MSE criterion, within a narrow scope in terms of
number of regressors, sample size, collinearity level, and errors’ vari-
ance. This highlights the lack of a robust ridge parameter estimator that
can be applied in practice and perform well with a wide range of p, n, p,
and o values to fill the gap.

3. Methodology of ridge regression

Let the basic Multivariate Linear Regression (MLR) model be given
as;

y=Xp+u, 3)

where yisann x 1 vector of the dependent variable, X is an n x p design
matrix with full rank, f is a vector of unknown parameters with p x 1
dimension and u is a n x 1 dimensional vector of residuals which are
independent and identically distributed with zero mean and the o2
variance.

The OLS estimator of  coefficients is given as follows:

Pows = (X"X)"'X"y. @
The covariance matrix of the OLS estimator is given by
Cov(Bows) =*(X"X)™". )

One of the optimality properties of the OLS estimator is unbiased-
ness, given by Equation (6).

E(Bows)= E((X™X)"'X"y) =(X"X)"'X"Xp=p. 6)

Hoerl and Kennard (1970) proposed ridge regression technique in
case of multicollinearity to prevent overinflating the variances of the
coefficients estimated by OLS in Equation (5) and the drawing of
incorrect statistical inferences.

The objective function that is minimized to produce the ridge
regression estimator is as follows:

(v = XP)" (v = XB)+kp" B, @)
where fiensiied = Y7 = B indicates the penalty term applied to the
Jj

OLS estimator. The ridge regression estimation method obtained as a
result of solving the expression given in Equation (7) by taking the first
derivative with respect to § and setting it equal to zero is given in
Equation (8).

Bre = (X"X + kI,) "' X"y, k >0 (8)

As seen in Equation (8), the ridge regression approach involves
adding a small positive number (k) to the diagonal elements of the (XX)
matrix. This prevents the variance of the regression coefficients (as given
by Equation (5)) from overinflating due to multicollinearity.

The penalized OLS estimator is biased, as shown in Equation (9), in
contrast to the estimator in Equation (6),

E(Bre)= E((X"X +K1,) 'X"y) = (XX + kI,) ' X"Xp. )

since the matrices (X"X -+ kI,) ' and X”X can not be canceled, unlessk =
0.

The covariance matrix for the ridge regression estimator can be ob-
tained using the following equation,

Cov(Brr) = 0> (X"X + kI,) ' X"X(X"X +kI,) "

(10$)

Since [Cov(Bous)| > |Cov(Bra)|, then [Cov(Boss)| — |Cov(Bre)| is posi-
tive for k > 0. In other words, ridge regression generates estimations
with lower variances than OLS, as the covariance matrix obtained by
ridge regression is smaller than that of OLS. This is expressed by the
following equation (Fahrmeir, Kneib, Lang, & Marx, 2021).
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Var(fxe) < Var(Bios)j=1,-,p. an

For the convenience of calculation, the usual form of the multiple
linear regression model shown in Equation (3) can be expressed as y =
Ta+u in the canonical form, where T = XQ,
T'T= Q"X"XQ= W= diag(4, - ,4y) and a = Q'p, J;’s are the j™ eigen-
value of the matrix (X’X) and Q is p x p orthogonal eigenvectors matrix
corresponding to (X'X). Hence, the OLS estimator of « is obtained by
Gos = (TTT) ' TTy = WTTy. The variance-covariance matrix of dos is
given by var(aois) = 6?W-L.

On the other hand, the ridge estimator of a is given by agg =
W+ klp)"lTTy and the variance turns into the var(agg)=
o2 (W + kIp)’1 W(w+ klp)’1 form. Accordingly, the total variance of agg
coefficients can be expressed as tr(var(Qrr)) = 6> Z‘i’zluii—'k)z.

The mean square error of the agg coefficients can be expressed as the
sum of the variances and the squared sum of the bias values of the @gg, as
follows:

. S La
MSE@m(K) = 0* 3D ()

i=1 i=1

12)
= Var(ag(k)) + (bias(age (k))*.

It is obvious that as k increases, the total variances associated with
agr decreases and the bias value increases. When k = 0, the formula
equals the MSE obtained from OLS. As a result, a positive value of k to be
estimated will slightly raise the bias of arr coefficients, but significantly
reduce their variances (Saleh et al., 2019).

3.1. Search method algorithm

Goktas et al. (2021) developed a robust ridge parameter estimator
with their proposed "search method". The starting point of this method is
the fact that the parameter value k is unique, yielding the minimum MSE
value in any case to be considered in terms of p, n, p, and ¢. From this
point of view, the proposed search method basically consists of the
following algorithmic steps:

1. A dataset is derived from the simulation design composed of pa-
rameters p, n, p, and o. To estimate the parameters of the ridge
regression model, Equation (8) is applied such that the value of k is
ranging from O to 500 with an increment of 0.01. For each k, the
corresponding MSE is calculated as defined in Equation (2). The
value of k that corresponds to the smallest calculated MSE out of the
50000 computed MSE values is considered to be robust.

2. Use the same dataset generated in step 1 to calculate the s different
number of ridge parameter estimators.

3. Repeat Step 1 and Step 2 for 30 times.

4. Repeat the process carried out in first three steps for different values
of p, n, p, and ¢ variables.

5. Remove the rows where k is zero from dataset.

6. Fit the multiple linear regression model with all s number of ridge
parameter estimators considered in the study, along with the inde-
pendent variables p, n, p, and ¢ with respect to the dependent vari-
able, which is the natural logarithm of In(k) determined.

In (k) = 01k, + 0sky++ 40, + 0,41p 4 Oy an + O 3p + 0,40 + €. 13)

7. Using OLS, obtain the model with I (I< s) number of independent
variables determined to be the most significant to provide the esti-
mator for k., parameter as in Equation (14).

Kropusi= €xp (01K, + Oxky+e- + Ok, + O1p + Opan + Op3p + 0140 + ).

14

The search method outlined above quarantees that the developed
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krobuse outperforms all other ridge parameter estimators included in the
method in terms of MSE, outlier detection, and normality criteria in
most cases covering p, n, p, and ¢ extensively.

4. Proposed 366 different ridge parameter estimators so far

In this section, we present a total of 366 different ridge parameter
estimators proposed or discussed by researchers from Hoerl and Ken-
nard (1970) to date. The majority of these estimators were proposed for
linear regression models. Estimators proposed in the literature for
models such as logistic regression, beta regression, and Poisson regres-
sion were adapted to ORR and included in this study. It should also be
stated that the ridge parameter estimators proposed in prior studies have
been cited based on their proposed study. Accordingly, a total of 366
different ridge parameter estimators are listed in the Appendix.

5. Simulation study

In this section of the study, two different Monte Carlo simulation
designs were conducted to evaluate the performance of ridge parameter
estimators in regards to MSE, outlier detection, normality criteria, and
for the search method stage to be used to develop a robust ridge
parameter estimator. Following Gibbons (1981) and Kibria (2003), the
data generation process of the independent variables was carried out in
MATLAB 2022, using the following universal formulation,

3= (1= ) Peytpzipi,i=1,2, - nand j=1,2,....p. 15)

where z;’s represent the independent pseudo-random variable derived
from the standard normal distribution, and p denotes the degree of
correlation between regressors. Then, the dependent variable y was
obtained by plugging into Equation (16):

Vi :ﬂo +ﬂ]x,~1 +ﬂ2x,‘2+"'+ﬁp)€,’p + E,’,l‘ = 1727 L (B (16)

where ¢; are pseudo-random numbers distributed normally with zero
mean and 62 variance, & ~ N(0,6?).

Many factors can impact the performance of ridge parameter esti-
mators for different evaluation criteria. In this study, 6050 different
cases were evaluated by considering 10 different values for regressors
®=2,3,4,5,6,7,8,9,10, 11), 11 different correlation levels (p = 0.1,
0.2,0.3,0.4,0.5,0.6,0.7, 0.8, 0.9, 0.95, 0.99), 11 different sample sizes
(n = 20, 25, 30, 50, 80, 100, 120, 150, 250, 500, 1000) and 5 different
error standard deviation values (¢ = 1, 2, 3, 4, 5). The predictor vari-
ables were generated using p, p, n, and o. The experiment was iterated N
= 50000 times, and the estimation values produced by the robust esti-
mator and 366 “k;” (i =1, 2, ---,366) ridge parameter estimators were
computed at each iteration. The Brg coefficients corresponding to these
k; values were then estimated using the ridge regression approach pre-
sented in Equation (8). In the data generation process, the actual co-
efficients () for convenience were set to "1” for all regressors, and the
error between the actual and estimation values (ﬁ) was calculated for
each case using the MSE criterion given by Equation (2).

In order to assess the performance of estimators based on the MSE
criterion for N = 50000 iterations, the average MSE (AMSE) was
calculated using Equation (17):

1

AMSE= ———
(p + 1) x 50000

»
> (B=P) (Bi=P). an
i=0

In order to prove the success of the proposed ks ridge parameter
estimator, the ratio of having the minimum AMSE value within 6050
different cases was obtained initially. This was accomplished by
counting the number of minimum AMSE values among 366 estimators
and dividing by the number of 6050 cases.

The AMSE statistic may be impacted by outlier MSE values generated
by the ridge parameter estimators, leading to substantial deviations
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from the center of the data. In order to disregard the effect of these
outliers, the median MSE values were also computed in addition to the
average MSE values calculated for each case with N = 50000 replica-
tions. The ratio of minimum median MSE for k;,p,s: estimator among 366
estimators was then determined based on the computed median MSE
values, thus eliminating the impact of MSE outlier values.

However, in some cases, despite having the minimum average MSE
value among the rankings based on average MSE value, the ks esti-
mator may not have the minimum median MSE value in the rankings
based on median MSE. This corresponds to cases in which the estimators
do not fairly generate outlier MSE values. In such cases, k;opys €stimator
was considered to have the minimum average MSE value, taking into
account the rankings based on average MSE instead of the rankings
based on median MSE.

Another factor to consider is that there may be cases where kyopys
does not have a minimum AMSE value, but where there is no statistically
significant difference between the estimators with smaller AMSE values.
To determine such cases, ANOVA tests were conducted to check if there
was a significant difference between the AMSE value of kyopys: and the
estimators presenting smaller AMSE values. However, since there were
N = 50000 iterations for each case, the ANOVA test statistic value may
have been high due to the large sample size, leading to incorrect rejec-
tion of the null hypothesis of no significant difference between the es-
timators. See Royall (1986) and Armstrong (2019) for more information
on the negative effects of large samples on statistical significance tests.
To address this, ANOVA tests were performed by randomly selecting 500
samples from k., and the estimators with smaller AMSE values in
cases where k;opys: did not have a minimum AMSE value. When there was
no statistically significant difference (p > 0.05), it was statistically
accepted that the difference between the ko, estimator and the ridge
parameter estimator with minimum AMSE value was not significant,
and k;opuse Was considered to have the minimum AMSE value.

The ratio of outliers generated by the ridge parameter estimators in
all cases is evaluated as a secondary performance criterion. Outliers
common in statistical analysis can significantly impact the accuracy of
estimations and inferences regarding the model being analyzed. In this
respect, ridge parameter estimators that generate significant outliers
may lead ridge regression coefficient estimations to deviate consider-
ably from actual parameter values, resulting in high MSE values.
Furthermore, it may result in a skewed distribution of estimators’
values. Therefore, the problem of outlier generation in ridge parameter
estimators should not be ignored. Many outlier detection methods exist,
depending on whether the data is univariate or multivariate, and
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the normality assumption of data. This constant is accepted as 1.4826
(Leys, Ley, Klein, Bernard, & Licata, 2013). Accordingly, the number
and ratio of outliers were calculated using the MAD-based method given
in (18) for N = 50000 values produced by 366 estimators and kopys in
each of 6050 cases. The overall outlier generation ratios were computed
by taking the average of the ratios calculated in each case.

Finally, since the values derived from the ridge parameter estimators
are expected to satisfy normality, the normality criterion was also
included along with MSE and outlier detection criteria. The normality of
the ridge parameter estimators was determined by means of absolute
skewness and kurtosis measures of derived values based on the studies of
Kim (2013) and West, Finch, and Curran (1995). Hence, an estimator
was considered to provide normality in cases where the absolute
skewness value was less than 2 and the absolute kurtosis value was less
than 7. This process for each estimator was performed for 6050 different
simulation designs, and the ratio of estimators with normal distribution
was obtained.

5.1. Development of robust ridge parameter estimator via search method

In this study, algorithmic steps related to the search method intro-
duced in Section 3.1 were applied to develop the robust ridge parameter
estimator. First of all, our preliminary research revealed that in the
search method stage the k parameter values that give minimum MSE
amounts at very small values of ¢ are zero and grow excessively at very
large values, causing outliers. It should also be noted that the standard
deviation value (o) of errors is not expected to be extremely large or
extremely small in practice. Therefore, five standard deviation values of
errors (6 = 1, 2, 3, 4, 5) were included in the study as a simulation
parameter. So, 2420 designs out of a total of 6050 were included in the
search method, considering four different numbers of regressors (p = 3,
5, 7, 11), eleven different correlation levels (p = 0.1, 0.2, 0.3, 0.4, 0.5,
0.6, 0.7, 0.8, 0.9, 0.95, 0.99) and eleven different sample sizes (n = 20,
25, 30, 50, 80, 100, 120, 150, 250, 500, 1000), and data was generated
using Equation (15).

Following the first six algorithmic steps, the logarithmic linear
regression model corresponding to Equation (13) includes s = 366
different ridge parameter estimators. Among these variables, a total of
[ = 10 estimators determined to be the most significant. The final form
of the robust ridge parameter estimator, which includes 10 estimators
along with the p, n, p, and ¢ independent variables is provided in the
following equation.

Kyopust = €xp ( — 0.123k, —0.360k, — 184.870k, +-0.575k, +0.135ks —1.637k, + 1.237k, +184.900k; —0.059k, —0.004k,,+0.020p + 0.0021 -+ 0.5030). 19)

whether it is normally distributed. The outlier detection method based
on MAD (Median Absolute Deviation: MAD) under the assumption of
univariate and normality is one of these commonly used methods. This
median-based method is more effective than the mean and standard-
deviation based z-scores method. This is because the median is less
affected by outliers in the data than the mean and standard deviation.
Additionally, it does not suffer from the drawbacks of the z-scores
method, such as the necessity for normality (including outliers) and poor
performance in small sample sizes.

In this study, the following inequality range is utilized for the diag-
nosis of outliers,

M —3 xXMAD <x;< M +3xMAD,i=1,-,n, (18)

where MAD = ¢ x M(|x; — M(x;)|), X; represents n observations points, M
indicates the median of series, and c is a correction parameter based on

The parameters from k; to k’10 in Equation (19) correspond to ridge
parameter estimators kis, k3o, ka1, Ke2, k181, K182, k218, K30s, k313, and
ksas in the study, respectively. The ANOVA test for the model obtained
in Equation (19), as well as student-t test results for each independent
variable, are significant at the 0.05 significance level (p < 0.05). The
model has an R? value of 98.28%, meaning the independent variables
kis, k3o, ka1, ke2, k181, k182, k218, k3os, k313, k328, P, 11, p, and o succeed in
explaining the majority of variance (98.28%) in the ks, estimator.

The independent variables k15, kgo, k41, k62, k181, klgz, k213, k305, k313
and ksyg that were found to be most significant in the creation of the
robust estimator model can be given again as follows.

~2

! ’ A o _pe
kls:%Jr*km: 11 <ﬁ> k=27 + ==
lmux i—0 (n - p)U + A,,,axa, ﬁ ﬂ lm,,xa a

max
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5.2. Performance of kb5 and 366 ridge parameter estimators in terms of
MSE criteria

1/p
j"”ll('X
)) Na
> lal;
i=1

According to the number of independent variables, Table 1 presents
the percentages of cases where the ki, estimator has the minimum
MSE values based on 1) average MSE, 2) median MSE, 3) average MSE or
median MSE, and 4) including ANOVA tests, among a total of 6050
cases.

According to Table 1, the percentage of the ks estimator having
the minimum AMSE value, including the effect of outlier MSE values, is
54.79% among 6050 cases. Independently from Tables 1 and it was
determined that estimators with the minimum AMSE value after the
krobuse €Stimator among all cases were kj49 second with 3.29%, ko9 third
with 2.89%, ky1; fourth with 2.21%, and ko9 fifth with 2.18%. These
percentages show that the ky,; estimator obviously surpasses other
estimators in terms of having a minimum MSE value criterion for all
cases. The impact of the outlier MSE values produced by ridge parameter
estimators is eliminated using median MSE-based rankings, resulting in
a reduction of minimum median MSE value for the k;q,s estimator to
51.22%. When considering both the average MSE and median MSE
criteria, the percentage of ks estimator having at least one of the
minimum AMSE and minimum median MSE values increases to 57.54%.

Lastly, it has been investigated via ANOVA tests whether there is a
significant difference between k.5 and the estimators up to the esti-
mator having the minimum AMSE value in cases where ko, is larger
than the minimum AMSE value. In cases where there was no significant
difference, k,opus: Was treated as the estimator having minimum AMSE
value. As a result, the percentage of k.5 estimator having the mini-
mum AMSE value among all cases has been increased to 96.28%. It can
therefore be concluded that the newly developed k;pys: €stimator has the
minimum AMSE value for N = 50000 iterations in 96.28% of the 6050
different cases discussed in the paper.

This process was not only applied for ks but also for ridge
parameter estimators that had the highest percentage of the lowest
AMSE values after the kyopyse (K149, k219, k211, and kagg). Using this pro-
cedure, the percentage with minimum AMSE value for those opponent
ridge parameters has been significantly increased. The percentage with
minimum AMSE value was increased to 22.81% for ki49, 28.60% for
ko219, 28.91% for ko171, and 25.11% for kyge. When compared with the
krobust €stimator, which has the minimum AMSE value in 96.28% of all
cases, it was seen that the estimators following k., did not exceed
30%. This reveals that the k., estimator developed outperforms ridge
parameter estimators kisg, ko19, kp11 and kyge, which have the best
performance following ks in terms of the lowest AMSE value.
Moreover, it has been determined that these estimators do not perform
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adequately when evaluated against criteria to be examined later in this
study.

The following technique was developed to determine the perfor-
mance ranking of the ks estimator we developed and 366 ridge
parameter estimators in terms of all cases: First, rank numbers were
assigned to the calculated AMSE values of the ke and 366 ridge
parameter estimators for each of 6050 cases. The "sum of rank numbers"
values were then calculated by adding up the rank numbers of each
estimator for all cases. At this point, the fact that an estimator has the
smallest sum of rank numbers can be evaluated, as that estimator
generally has the smallest rank numbers in all the cases discussed. For
this reason, the estimators with the smallest sum of rank numbers were
determined to be the most efficient among all estimators in terms of the
MSE criterion. Accordingly, the minimum sum of rank numbers that an
estimator can get is 6050, the total number of cases, assuming that this
estimator is first in all cases. On the other hand, if an estimator is
considered to be in the last rank (367th) of all cases, the maximum sum
of rank numbers will be equal to the product of the total number of cases
and the total number of estimators (367x6050 = 2220350).

Table 2 lists the top 50 most efficient ridge parameter estimators in
terms of MSE criterion based on the sum of rank numbers. Additionally,
for these estimators, the average percentages of outliers in all cases are
presented using the outlier detection method based on the MAD given in
Equation (18). Finally, the percentages of normality cases, determined
based on absolute skewness and kurtosis values of the ridge parameter
estimators, within a total of 6050 cases were calculated. The results of
other ridge parameter estimators, that are not included in this table, can
be shared with researchers who are interested if the authors are
contacted.

The results in Table 2 indicate that k. is the most successful
estimator in terms of MSE criterion based on the sum of rank numbers.
Considering the proposed ks €stimator, it can be stated that it per-
forms quite well in terms of both outlier generation (0.5%) and
normality (99.82%) criteria. Despite the fact that the outlier percentage
of the second-placed estimator ky; was 3.65%, the normality percentage
remained at 62.36%. It is also seen that the third-placed estimator k44
has a high outlier percentage (10.31%) and a low normality percentage
(16.66%).

On the other hand, the ridge parameter estimators with minimum
AMSE value following k;,p,s, were determined to be kj49, k219, k211, and
kooo. Regardless of Table 2 (except kai1), the percentages of outlier
generation and normality for all cases of these estimators, respectively,
were determined as 3.17% and 64.48% for k149, 3.80%, and 66.94% for
ko19, 4.17% and 70.64% for ka11, 8.08%, and 35.55% for kag9. Although
they have the minimum AMSE value after ks, these estimators cannot
be considered effective since they fail to meet at least one of the outlier
generation and normality criteria.

In conclusion, it is seen that commonly encountered ridge parameter
estimators in literature were recommended by evaluating based solely
on the MSE criterion. Although a ridge parameter estimator is effective
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Table 1

Percentages of the ks estimator having some certain minimum MSE values and including ANOVA tests for each number of regressors.

Percentage of having minimum MSE including

ANOVA tests (%)

Percentage of having the minimum MSE according to average

MSE or median MSE (%)

Percentage of having the minimum MSE according to

median MSE (%)

Percentage of having the minimum MSE according to

average MSE (%)

97.69
98.35
98.84
98.35
98.51
97.19
96.03
94.21
92.56
91.07
96.28

66.12
68.10
65.79
62.31
61.32
57.52
53.39
49.92
46.61
44.30
57.54

61.16
60.83
57.36
55.54
55.54
50.91
46.94
44.30
41.16
38.51
51.22

59.34
62.81
62.81
60.50
59.17
55.37
51.07
48.76
45.29
42.81
54.79

10
11

cases
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for the MSE criterion, it cannot be considered useable unless the outlier
rate is low and the normality rate is high. If an estimator generates
outliers that exceed acceptable limits and does not meet normality, it
may lead to incorrect calculations and misinterpretations of the esti-
mated parameters in the ridge regression model.

5.3. Performances of kyopus: and 366 ridge parameter estimators in terms
of outlier generation and normality criteria

In order to evaluate the performance of ridge parameter estimators
based on the outlier generation criterion, the first 20 estimators with the
lowest and highest outlier generation percentages are given in Table 3.

Independently and in addition to Tables 3 and it was found that 58
out of 366 ridge parameter estimators had outlier generation percent-
ages above 5%, while 109 were below 1%. It should be noted that the top
20 estimators with the highest percentage of outlier generation have
generally been proposed in recent years. It has been observed that the
findings of Lukman and Ayinde (2017), who consider kyq, k73, kg4, kge
and kgg, Lukman et al. (2017) who consider kj44, k162, k163, k164 and kige
and Muniz and Kibria (2009) who consider ko5 in their studies, did not
reach a conclusion that would reveal the superiority of these ridge
parameter estimators. However, k11 proposed by Alkhamisi and Shukur
(2007), k16 proposed by Dorugade (2014a), k3g proposed by Goktas and
Seving (2016), kgg proposed by Lukman and Ayinde (2017) and kj45 and
k147 proposed by Lukman et al. (2017) have been revealed to be more
effective in some cases than the other estimators (either partially or
fully) in the studies in which they were proposed.

We advise against using these ridge parameter estimators since they
are among the top 20 estimators in our study in terms of outlier gen-
eration percentage for all cases considered. Likewise, although the k32
and k33 ridge parameter estimators proposed by Qasim et al. (2021)
perform well in their proposed study for the beta ridge regression
method, they are not deemed suitable for use in the multiple linear ridge
regression method.

Lastly, the ks ridge parameter estimator proposed by Kibria (2003)
was not recommended by the author of the study due to its high bias,
despite its effectiveness in some cases compared to other estimators.
Given the high percentage of outliers in this study, it is deemed inap-
propriate to use kg in line with the author’s findings.

In terms of the normal distribution criterion, it was found that the
estimation values generated by ridge parameter estimators kg, k16, k70,
k84, kgs, k144, k162, k164, k302, k3()3, and k331 did not provide normality in
any case. With these estimators, the number of cases in which 60 of 366
ridge parameter estimators were normally distributed in all cases (6050)
did not exceed 3025, whereas 185 estimators from the remaining esti-
mators performed well by providing normality in nearly all cases. The
estimators that generate data with normal distribution in all cases
without exception are determined as kyg, koo, ka7, kse, k57, kss, keo, ke2,
k107, k109, k111, k113, k115, k117, K120, K122, K124, K126, K127, K129, K131, K133,
k139, k214, k222, kaze, k229, k231, k233, k234, ka3s, ka7, k230, ka1, ka3, kaas,
kae7, kass, k270, k276, k278, kago, kaoo and kago.

According to the results, it has been observed that while the majority
of the estimators with high outlier generation lead to a low percentage of
normality, estimators with a low percentage of outliers result in a high
percentage of normality in general. All of these outcomes are statistically
supported in the next section (see Table 4).

5.4. Spearman’s rank correlation analysis between MSE, outlier
detection, and normality criteria

Spearman’s rank correlation coefficient values are presented in
Table 4 to determine whether there is a linear interrelationship among
the sum of rank numbers considered as a measure of MSE criterion,
outlier generation ratios, and normality ratios.

According to the results presented in Table 4, there is a moderately
positive significant correlation (0.127) between the sum of rank
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Table 2

The 50 most efficient estimators in terms of MSE criterion based on the sum of rank numbers and the percentages of outlier and normality for these estimators.
Order Ridge Sum of rank Outlier Normality Order Ridge Sum of rank Outlier Normality
Number parameter numbers percentage (%) percentage (%) Number parameter numbers percentage (%) percentage (%)

estimator estimator

1. Krobust 255630 0.50 99.82 26. ksos 578553 2.12 80.99
2. ko7 307160 3.65 62.36 27. ky 585707 212 80.99
3. kaa 348919 10.31 16.66 28. k306 592683 212 80.99
4. kss 355484 0.28 100 29. kogs 596198 0.87 99.37
5. kao 386835 1.75 87.44 30. kiso 597277 0.67 99.87
6. ki3s 422808 0.32 100 31. ks 597356 0.28 100
7. ki 425909 5.00 37.02 32. kso7 598737 2.12 80.99
8. koas 475889 0.55 100 33. k31 602278 1.39 96.66
9. k126 485431 0.59 100 34. kio2 602984 0.87 99.37
10. k117 492923 0.33 100 35. ki2 603651 14.87 16.94
11. kas1 494382 0.54 100 36. k3os 604987 2.12 80.99
12. kios 517122 1.70 86.73 37. ko17 608422 6.29 42.64
13. ka3o 522814 0.50 100 38. k300 611040 2.12 80.99
14. ka11 522974 4.17 70.64 39. kaoo 614377 8.08 35.55
15. kasa 535297 1.50 88.46 40. ko4 614831 0.70 99.80
16. koo 535703 1.01 100 41. k310 617093 2.12 80.99
17. k190 539115 1.47 88.89 42. kis7 617690 0.83 99.60
18. k143 545574 2.03 85.36 43. k110 619106 0.97 99.40
19. kis1 551259 1.39 98.64 44. ko 622471 5.50 5.24
20. ka2 554228 2.12 80.99 45. ks 623708 2.12 80.99
21. kio 564641 2.12 80.99 46. k127 628412 0.61 100
22. kss 567144 2.03 85.36 47. k312 631512 2.14 80.51
23. koa 569071 5.04 18.91 48. kas7 633005 2.38 73.12
24. kaao 571586 2.40 71.79 49. ko 641548 2.05 84.21
25. ko 575275 2.12 80.99 50. kiss 641875 3.39 72.61

Table 3

Top 20 ridge parameter estimators with the lowest and highest outlier
percentages.

Order number  The 20 worst ridge parameter

estimators by percentage of

The 20 best ridge parameter
estimators by percentage of

outliers outliers
Estimators Percentages (%) Estimators Percentages (%)
1. ks4 25.82 kse 0.28
2. k144 25.77 kss 0.28
3. k7o 25.76 kaq1 0.29
4. k162 25.76 kas7 0.29
5. k302 25.34 koas 0.29
6. kss 24.44 kass 0.30
7. ks 24.31 k2o 0.30
8. kiea 24.31 kas7 0.30
9. k16 24.30 k120 0.31
10. k303 23.52 kaoo 0.31
11. k3o 23.35 k270 0.31
12. ki1 17.25 ki2o 0.32
13. koo 16.58 k133 0.32
14 k163 16.58 k113 0.33
15 kias 16.57 ki17 0.33
16. kse 16.53 keo 0.34
17. k73 16.22 kosga 0.34
18 kie6 16.21 ki1 0.35
19 kia7 16.18 ki1s 0.35
20 koo 16.13 ko4 0.37
Table 4
Spearman’s rank correlation analysis among performance criteria.
Sum of rank Outlier Normality
numbers ratios ratios
Sum of rank Correlation 1 0.127 —0.145
numbers coefficient
Sig. (2-tailed) 0.015* 0.005*
Outlier ratios Correlation 0.127 1 —-0.970
coefficient
Sig. (2-tailed) 0.015* <0.0001*
Normality Correlation —0.145 -0.970 1
ratios coefficient
Sig. (2-tailed) 0.005* <0.0001*

*Significant at 0.05 significance level.

numbers and outlier generation ratios of ridge parameter estimators (p
< 0.05). On the other hand, there is a moderately negative significant
correlation (—0.145) between the sum of rank numbers and normality
ratios (p < 0.05). Additionally, a significant inverse correlation
(—0.970) was found between outlier generation ratios and normality
ratios (p < 0.05). This means that a decrease in outlier ratios or an in-
crease in normality ratios will improve the efficiency of ridge parameter
estimators based on the MSE criterion, leading to a significant decrease
in the sum of rank numbers. Similarly, it can be said that as the outlier
generation ratios decrease, the normality performance of ridge param-
eter estimators will also improve significantly.

The normality tests after removing outliers from the values gener-
ated by 366 estimators and ks Using the MAD-based outlier detection
method revealed that the values generated by all other estimators,
except ko7, k3o, kss and ksp2, were normally distributed for all cases.
Their normality ratios ranged from 99.55% to 99.98%.

6. Discussion and conclusions

The existence of a perfect or near-linear relationship among pre-
dictors in a multiple linear regression model (multicollinearity) is a
common issue in practice. It hinders obtaining reliable statistical in-
ferences regarding regression parameters obtained by the least squares
method. In other words, if the predictors are multicollinear, they lead to
over-inflation of the variance values of the regression coefficients. This
may cause model tests to be insignificant, wide confidence intervals, and
some regression coefficients to be statistically insignificant with an
opposite sign. The ridge regression method is a commonly used method
for dealing with multicollinearity. A total of 366 different estimators
proposed in the literature for estimating the ridge parameter have been
identified within the scope of this method. The common feature of these
estimators is that their performance has mostly been evaluated based on
only the MSE criterion, within a narrow scope (less than 200 cases in
total) in terms of number of predictors, sample size, correlation level,
and errors’ standard deviation. The goal of this study, using the “search
method” proposed by Goktas et al. (2021), is to develop a new robust
ridge parameter estimator having minimum MSE, low outlier genera-
tion, and assuring normality in most of the 6050 cases considered widely
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in terms of p, n, p, and ¢ parameters.

Considering the performance of the proposed k;opys estimator, the
percentage of having a minimum AMSE value in 6050 cases was found to
be 54.79%. This is actually increased to 96.28% in all cases with ANOVA
tests included, indicating significant success. The other estimators with
the highest percentage of having the minimum AMSE value after k;pys,
were k149 (3290/0), kg]g (2890/0), k211 (2210/0), and k209 (2180/0),
proving that ks is superior. Even with ANOVA tests, none of the es-
timators have reached 30% percent level of minimum AMSE. In fact,
ko11 from these estimators had the highest percentage of having the
minimum AMSE value for all cases with 28.91%. Furthermore, upon
examination of the outcomes regarding the criteria of outlier detection
and normality for these estimators, they were found to have insufficient
performance in at least one of them. Therefore, although these estima-
tors have minimum AMSE value after k., they are not really prom-
ising at all.

As a result of comparing the performances of k. and 366 esti-
mators for all cases in terms of the MSE criterion based on rank numbers,
krobust was found to be the most effective estimator with minimum total
rank numbers value among all estimators. In addition to the MSE cri-
terion, the outlier generation percentage of k;opys is as low as 0.5% and
normality is assured to a strong level of 99.82%, indicating that k,opus
has performed pretty great in terms of these two criteria as well. In
conclusion, it can be stated that the developed ks ridge parameter
estimator outperformed the other 366 estimators in terms of outlier
detection and normality criteria as well as MSE criterion in a total of
6050 cases taken in small, medium, and large sizes, with regard to the
parameters p, n, p, and o.

The other findings of the study are summarized as follows: It was
determined that 58 out of 366 ridge parameter estimators had an outlier
generation percentage above 5%, whereas 109 were below 1%. In the
studies where kg, k144, k70, k162, kss, k164, k22, k163, kse, k73, k166, and kg
were among the top 20 estimators with the highest outlier generation
percentage, a conclusion that would reveal the superiority of these es-
timators was not achieved. Moreover, the ridge parameter estimators
k16, kgg, k]], k145, k147, kgo, k302 and k303 were found to be more effective
in some cases than the other estimators (partially or entirely) considered
in the studies where they were proposed. However, we do not recom-
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mend all these estimators to be used for ridge parameter estimation due
to generation of a high percentage level of outliers. When the perfor-
mance of ridge parameter estimators is evaluated in terms of normality
criterion, the estimators kg, k1g, k70, kss, ks, k144, K162, K164, k302, K303
and ks3; were found to be violating normality in every single case. Be-
sides these estimators, the number of cases in which 60 of 366 ridge
parameter estimators are normally distributed within all cases (6050)
did not exceed 3025 cases, while 185 of the remaining estimators per-
formed well by providing normality in almost all cases. The estimators
assuring normality in all cases were determined as ko, kag, k47, kse, ks7,
kss, keo, ke2, k107, k109, k111, k113, k115, k117, k120, k122, k124, k126, k127,
k129, k131, k133, k139, k214, k222, kaze, k229, k231, k233, k234, ka3s, k237, k239,
k2a1, kaa3, kaas, kae7, kass, k270, k276, ka7s, k2so, kaoo and kaga.

Finally, according to the results of Spearman’s rank correlation
analysis, among total rank numbers, outlier generation ratios, and
normality ratios obtained for the estimators, as the outlier generation
ratios of the estimators decrease, the normality ratios tend to increase.
Thus, their performance in terms of the MSE criterion increases signif-
icantly as well, depending on the decrease in the sum of rank numbers.
In addition, it was determined that there was a highly significant inverse
correlation between outlier generation and normality criteria.

As a result, the ko5 estimator, which does not generate outliers,
provides both the minimum MSE value and assures normality, regard-
less of the sample size, degree of multicollinearity, and number of re-
gressors. In this way, the prevalent confusion in the literature on
determining the optimal ridge parameter estimator in ridge regression
has been avoided. In the mean time, the new search method can be
enhanced by considering a new generation process allowing multilinear
relationships among regressors. We suggest readers working on devel-
oping ridge regression parameters to consider a new generation process
method for future work.
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