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Abstract

Signal-to-interference ratio (SIR) experienced by users
is the major quality and capacity indicator of CDMA
systems. In this paper, we analyze the SIRs achiev-
able with diversity-reception linear multiuser receivers
over GWSSUS time-variant fading uplink DS-CDMA
channels based on finite-dimensional generalized ran-
dom spreading performance evaluation methodology.
Through the results of random matrix theory on the
non-asymptotic eigenvalue distributions of finite-size
random matrices, SIR statistics with linear RAKE and
decorrelating multiuser receivers are derived in terms
of the key system parameters. Besides deciphering
the performance expectations for finite-size systems
independent of the specific choice and assignment of
spreading sequences, the analysis of the derived aver-
age SIR expressions at the asymptotic wideband regime
also further validate the predictions of previous large-
system results on the deterministic STRs with multiuser
receivers at wideband limits.

1. INTRODUCTION

In this paper, we analyze the SIRs achievable
with diversity-reception linear multiuser receivers over
GWSSUS time-variant fading uplink DS-CDMA chan-
nels based on finite-dimensional generalized random
spreading performance evaluation methodology. In
most of the recent significant contributions on the
random spreading performance analysis of CDMA
systems, the channel models attacked are mainly either
flat-fading or Gaussian channels that do not provide
diversity intrinsically. Furthermore, majority of these
contributions concentrate on large-system limits,
where the asymptotic eigenvalue random variables (rv)
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of the crosscorrelation matrices converge to certain
distributions - Marcenko-Pastur law - as the number
of users K and the processing gain L tend to infinity
with a fixed finite ratio, and exploit this asymptotic
limiting theory to examine the achievable SIR and
capacity /spectral efficiency.

Complementary to the asymptotic limiting theory
based analysis in this sequel, we present and employ
a finite-dimensional approach for generalized random
spreading analysis of multichannel diversity-reception
CDMA systems based on the non-asymptotic results of
random matrix theory for the eigenvalue distributions
of random matrices with finite sizes. Though our anal-
ysis throughout the sequel is mainly finite-dimensional,
by letting system dimensionality parameters to grow
without bound, the average SIR expressions derived
also exhibit behavior that SIRs with linear multiuser
receivers asymptotically converge to deterministic
constants at the wideband/large-system limit in close
accordance with those predicted and presented by
previous works based on asymptotic limiting theory.
Thus, this observation further contributes to bridge the
gap between the asymptotic and non-asymptotic ran-
dom matrix theoretic performance analysis approaches.

The sequel is organized as follows. Next in Section
II., the system model considered and the preliminaries
are presented. Statistical characterization of SIRs and
the derivation of mean SIRs with diversity-reception
linear multiuser receivers are pursued in Section III.
Numerical results and discussions are then presented
in Section IV. followed by conclusions in Section V.

2. SYSTEM MODEL and PRELIMINARIES

We counsider a chip/symbol synchronous uplink DS-
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CDMA system of W, Hz system bandwidth with K
equal-rate equal-power users randomly located in a
single isolated cell and a central base-station receiver
with a single receive antenna. Denoting the channel-
symbol signalling period by T,s; and the chip period
by T., the channel-symbols at the transmitters are as-
sumed to be spread with normalized spherical complex-
Gaussian random spreading sequences of processing
gain L = TT :

1 T
Cr = ——|Cr1CR2-..C 1
& \/f[ %1 Ch2---CkL] (1)

where each chip corresponds to a circularly-symmetric
complex-Gaussian, zero-mean, unity-variance random
variable.  Hence, the realization of the spreading
sequences in each channel-symbol signalling period T,
is asymptotically unit Euclidean-norm via law of large
numbers as L — oo, i.e. desired signal loss due to
random spreading sequences with randomly fluctuat-
ing energies vanishes at the asymptotic wideband limit.

The unit-energy pulse-shaped and spread sig-
nals of all users occupying the same bandwidth are
transmitted over the time-varying waveform chan-
nel. We are considering statistically identical time-
varying Gaussian wide-sense-stationary uncorrelated-
scattering (GWSSUS) channels for each user with mul-
tipath delay spread T,,, where T,, << T, is as-
sumed for negligible ISI and the optimality of one-shot
detection. The inverse of the multipath delay spread re-
veals the coherence bandwidth, i.e. (Af). = ﬁ, iden-
tifying the frequency-selectivity of the channel, and the
multipath diversity order D resolvable by each user in
conjunction with the spread system bandwidth Wy is
then given by:

Trm

D = [T, W] = =

(2)

As common exercise for chip-synchronous systems,
let’s assume the propagation delays of each path of each
user are integer multiples of the chip period with the
first path of each user being at zero propagation de-
lay. Then, by successive chip-matched/code-matched
filtering at the appropriate delays for each path at the
receiver side, the discrete-time equivalent of the mul-
tichannel diversity-reception DS-CDMA system in an
arbitrary channel-symbol signalling interval is obtained
as:

y=RHs+w (3)

T .
where y = [y11 y12-- y1p y21---ykp)] € CHP*D g

the stacked sufficient statistics vector for each path
of each user, R = S¥S ¢ CKP*KD j5 the Hermitian

crosscorrelation matrix with S € CE*KP being the

matrix of the chip-shifted spreading sequences for each
path of each user with the first path of each user at
zero-offset. H =diag {hi,hs,...,hg} € CKP*K ig the
block-diagonal channel coefficients matrix of all users
with hy, = [hg1 he2.--hep]? € CP*! being the channel
coefficients vector of kth user and s € CK*! is the
channel-symbols vector of all K users. Furthermore,
w € CKPxl i3 the zero-mean complex-Gaussian
background noise vector having crosscovariance matrix
02R, where the noise variance 02 = Ny x W, - in

watts - and Ny (watts/Hz) is the background AWGN
power spectral density.

Keeping the unity path-power assumption for a to-
tal of D propagation paths, the analytic pdf of the
norm-squared of the circularly-symmetric stochastic
CIR under unity path-power D-path GWSSUS fading
model consequently obey the non-central chi-squared
density of 2D degrees of freedom with individual com-

2,nc

2 2
s ie. Xop (%), the analytic

form of which is given by:

D—1 2
(ms), L (1 \72 s+ 2,/rs
¢ (r)= P} (5_2) exp <——202 > Ip 4 ( =

c (& (4)
for r > 0, and the mean and the variance of the norm-
squared of the circularly-symmetric stochastic CIR un-
der unity path-power D-path GWSSUS fading model

is further given by:

ponent variances of

ne™ =D, 05" = D(207 — o) (5)

c

For the channel-symbols of users, we assume that
the channel-symbols are independent random variables
over symbol index and users, and the channel-symbols
of kth user has equal symbol energy Egk). Such a model
is applicable for circular linear modulation schemes
such as M-PSK, as well as a coded system employ-
ing large block-length Gaussian random encoding with
symbol signal-to-noise ratio average power constraint
[1]. Thus, based on the received signal model in (3)
and further assuming that the noise PSD level is nor-
malized to unity in watts/Hz; i.e. Np = 1, without loss
of generality, the transmit symbol signal-to-noise ratio
of kth user is defined as:

k Egk) k
SNRg):T:Eg) (6)
0
Furthermore, the average received symbol signal-to-
noise ratio per path of kth user is thus given by:

(k)

SNRF = B {|heaf” | N = B =SNRP (@)
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due to the assumptions of unity mean-squared value
channel coefficients and unity noise power spectral
density.

3. AVERAGE SIRs with DIVERSITY-
RECEPTION LINEAR RECEIVERS

Within our finite-dimensional scenario, the two im-
portant parameters for the system dimensionality are
the load factor in users/chip, § = %, as used in asymp-
totic approaches, and the per—chip diversith/ order or

D m

the normalized delay spread, o = T ~ = << 1,
which unitlessly measures the time- dlspers1v1ty of the
channel with respect to the channel-symbol signalling
period. Via these definitions, as the bandwidth of the
system is increased through higher processing gains
L, the number of users K and the multipath diversity
order resolved D consequently grow to keep the load
factor and the normalized delay spread constant.
Hence, the fixed system operating point is defined by
the system parameters load factor 8, normalized delay

spread «a, diversity order D and symbol signal-to-noise
ratio SNng).

3.1. Linear RAKE Receiver

The signal-to-interference ratio for a linear mul-
tiuser receiver ST RIEMUD) is statistically identical over
the set of users K. The soft-output conditional SIR, for
user k conditioned on the channel and the spreading se-
quences achievable by linear RAKE multiuser receiver,
whose linear estimator matrix after chip-matched fil-
tering by S# is M =1 that is analogous to the con-
ventional matched-filter receiver for AWGN channels
resulting in no interference suppression or cancella-
tion, and followed by optimal linear diversity combining
method maximal-ratio-combining (MRC), that coher-
ently combines the D diversity channels of each user in
the maximal-SIR sense, is given by:

h#R2, h,SNR

K (k) (noise)
S o MR SN R 4 P
(8)
in terms of power by power ratio, where con-
ditional total power of desired signal components
pldesired) — —  pHR2 h, SNR" conditional total

power of multiaccess interference terms Pt(oj\t/[ Al)
S o hHR2,h'SNR(k) total power of noise com-

ponent Pt(;;mse) = 8{‘hH RAKE)‘ },(:D) is the

ST RI(CRAKE) _

distribution-equivalence operator and £{.} is the ex-
pectation operator. The total power of the zero-mean
noise component in the denominator of (8) for No =1
can further be expanded via eigenvalue decomposition
(EVD) as

. 2
Pl [} -

c {thwIE:RAKE) (WI(CRAKE))H hk} _
E{hf/Rychy} = & {hf U Dy, Usihy} (9)

where Dkk = diag{)\kkl, /\ka, veuy /\kkD} is the diag—
onal eigenvalues matrix of Ry and Uy is the uni-
tary eigenvectors matrix of Ry. Since Uy, is unitary -
Ul = U, - and if we denote the transformed channel
coefficients vector by flk = Upprhyg :

hi'h; =p hi'hy, (10)

Due to this distribution-equivalence property, the fol-
lowing expression from (10) is valid:

E{hf U D, Upihy} = (11)
D

¢ {h'Duki } zg{ZAkki|hki|2} (12)
i=1

As it can be deducted, for the statistical character-
ization of the SIR with multiuser receivers, the finite-
dimensional eigenvalue densities of the Hermitian di-
agonal Ry and the off-diagonal R, ; submatrices of
the Hermitian crosscorrelation matrix R have to be
accurately characterized. The cumulative magnitude-
ordered eigenvalue distribution function for an M x M
random matrix A:

F =Pr{— (A) <A} (13)

Z&A AN (A

defines the probability for the percentage of magnitude-
ordered eigenvalues of A being below a specific thresh-
old A¢, and the density of the corresponding eigenvalue-
counting or the average-trace rv A - eigenvalue density
- is:

dFXr) 1 M () 1
o = fal) e A= M;)‘i (A) = Tr{A}
(14)
where FXT) = %FI(&O) is the cumulative magnitude-

unordered eigenvdlue distribution function obtained by
averaging F&O) over all possible K! permutations. Via
this definition of the eigenvalue density, we also have

the following important averaging lemma:
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Lemma 1.(Haagerup and Thornbjorsen, [4]): For
an M x M random matrix A with eigenvalue density
fa(N), let g(x) : R — R be a Borel function. Then,

1 M
5{M lzlgO\z(A))} = /Rg()\)fA()\)d)\ (15)

Due to the normalized spherical complex-Gaussian
random spreading sequences assumed where the real
and imaginary parts of each chip is independently
and identically distributed with variance %, the di-
agonal elements of the crosscorrelation matrix R are
distributed according to the central chi-squared distri-
bution x5y (1, %) of 2L degrees of freedom with unity
mean and variance % due to the scaling by % Fur-
thermore, when the chip-synchronism is complete and
the path delays are integer multiples of the chip period
T.s, the off-diagonal elements of R converge by Central
Limit Theorem to the circularly-symmetric complex-
Gaussian distribution N (0, L) with zero mean and vari-
ance % Thus, by the average trace-rv definition, the
eigenvalue-counting rv Agy of Ry is distributed accord-
ing to the central chi-squared x5}, distribution with
2DL degrees of freedom scaled by ﬁ having unity
mean and variance ﬁ:

(DL)DL

DL-1 _
7FC(DL) /\kk exp( DL)\kk) (].6)

TR (Akk) =

and moreover, using Lemma, 1., the total power of the
noise component by RAKE in (9) is given by:

) D
Pt(o’;me) {‘hfwiRAKE)‘ } =& {Zkklm |hki|2} =D’
i=1

(17)
with the definition of the density of norm-squared pdf
of CIR f0*)(r) - for ||hg|/* - in (4). Furthermore,
the fact that the crosscorrelation matrix under the
considered spreading scenario tending to the identity
matrix R — I as L — oo validates the averaging out of
MAT components asymptotically at the wideband limit.

For the statistical characterization of the multi-
access interference terms with RAKE in (8) via the
eigenvalue distribution of the off-diagonal Hermitian
random submatrices R, ; of R, R, ; can be further par-
titioned into two matrices as:

R,; = A +sqrt(—1)B (18)

where B is a diagonal matrix of independently and
identically distributed N (0, 5 L) random variables hav-
ing eigenvalue density N (0, 2DL) and A is a proper
Hermitian complex-Gaussian random matrix [4]. The

eigenvalue density of proper Hermitian complex-
Gaussian random matrices SGRM (n, 0%,;) is iden-
tified as follows due to Wigner in [5]:

fwemnaoy, M) = MWG\[Z{ (ﬁﬂQ

(19)

where ¢p(.) is the sequence of Hermite func-

. IQ .
tions, p(z) = 7(2%!1/;)%1{19(%)6)([)(—7): in
terms of the sequence of Hermite polynomials
Hy(x) = (=1)* exp(a?).(£r exp(—2?)).

It is a general assumption for analysis with RAKE
receivers that the total MAI components are dis-
tributed normally and to use the corresponding aver-
age total power in SIR expressions which is in general
termed the Gaussian assumption [6]. This further re-
quires us to determine the mean-squared value of the
eigenvalue-counting rv of a proper Hermitian complex-
Gaussian random matrix A, since by eigenvalue decom-
position and averaging lemma, the average total power
of the MAI components is given by:

Al av
PO = e[S, i bR SNRP )

k 00
= S e DSNEY [ [ N Fre i)
X f5) (r) A, dr (20)

The mean value of the eigenvalue-counting rv of an
n X n proper Hermitian complex-Gaussian random ma-
trix can be calculated as 0 [7]. Similarly, the mean-
squared value being equivalent to the variance is given
by nodyo = % in our case that can be derived via
Harer-Zagier recursion defined as follows:
Theorem 1. (Harer and Zagier, Section
4, Proposition 1,[8]): Let A be an element of
SGRM(n, 1) and define:

C(p,n) = E{Tr,[A*]} ,p € Ny (21)
Then C(0,n) = n,C(1,n) = n?, and for fixed n in N,
the numbers C(p, n) satisfy the recursion formula:

_ 4p+2 p4p* -1
C(p+1,n) =n. P .C(p,n)+7p+2 C(p—1,n)
(22)

forp > 1.

Letting K — 1 ~ K as K — oo and following from
(20), the average total power of MAI components is
given by:

Pt(oli/IAI ,av) B(D2
If we further expand the total conditional power of the
desired signal components in the numerator of (8) us-
ing eigenvalue decomposition and the averaging lemma
reversely as:

1
+ §)SNR§’“) (23)

578



pldesired) _ hHR2 b SNRH =
D
ST X il SNRY =p DA [l ||” SNRE)  (24)

since flk H}’lk =p hghk for flk = Uygrhg and unitary
Uyy. Following, the SIR of kth user with RAKE re-
ceiver under Gaussian assumption is distributed as:

DA, ||hy|* SNRY

SIRI(CRAKEGA) - 1 W
B(D? + 5)SNRs"’ + D?

(25)

where ||hg||® is the norm-squared of the channel filter
for desired user with density given in (4). Hence, the
mean SIR with RAKE receiver under Gaussian approx-

imation is given by:
< {SIRIERAKE,GA)} _ (D? + a)SNRY"

B(D? + LH)SNRM + D2

(26)

since £ {\2,} =1+ 57 and & {||hk||2} =

3.2. Linear Decorrelating Interference Supres-
sion

Linear decorrelating interference suppression mul-
tiuser receiver [2,3] applies the linear estimator matrix
M®ec)= R~ after chip-matched filtering by S, re-
sulting in complete multi-access interference suppres-
sion via zero-forcing sense equalization. The soft-
output conditional random SIR of user kth achiev-
able by decorrelating multiuser detector followed by
maximal-ratio-combining is given by:

STR®P=)— Dh!’h, SNRL"

w1}
(Dec)

The total power of the noise term & {‘thwk

(27)

2 }
can be further expanded via eigenvalue decomposition
and averaging lemma as:

2
& { ‘thw,(cDeC)

} E(hiR;'hy} =

D 2
(T (2 -1
e S CY
L) (D_2)(T*1
(0%
since the covariance matrix of w(® s

H
& {w,gDec) (w,(gDec)) } = R,;kl, fooo t" L exp(—at)dt =

Average SIR (dB)

2 i i ; i ; i ; i
0.05 01 0.15 0.2 0.25 03 0.35 0.4 0.45 05
Normalized delay spread, a

Figure 1: Average SIRs versus normalized delay spread
a at f=1, D=2 and SNR;=10 dB.

Faib—(fl) and Flk Hflk =D h{?hk for flk = U,;thk
and unitary Up. Hence, the SIR of kth user with
linear decorrelating interference suppression multiuser
receiver followed by MRC is derived to be distributed
as:

2 2 (DT2_1) 2 k
(2% (22 [ ||* SNRL
SIRP*) = (%)

(29)
that is a scaled noncentral chi-squared rv. Simplifying
the above expression (29):

2 2 (k)
(- — 1) |Ih||” SN R
D (5)

[e%

SIRI(CDeC):

(30)
Following, the mean of the SIR with decorrelating re-

ceiver and MRC is given by:
1)SNR®

(%)

(31)

¥

& {sIrP>*} = -
since & {||hk||2} =

4. NUMERICAL RESULTS AND DISCUS-
SION

We illustrate average SIRs versus normalized delay
spread a at B =1,D = 2 and SNR¥) = 10 dB in Fig.
1. The average SIR of decorrelator strictly decreases
with « from non-fading AWGN bound SNR™ since
increased delay spread is detrimental for zero-forcing
type linear equalization.
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Figure 2: Average SIRs versus diversity order D at
B=1, @=0.1 and SNR,=0 dB

We further provide average SIRs versus diversity
order D in Fig. 2. Average SIRs of both multiuser re-
ceivers strictly increases with diversity order converg-
ing to the bounds:

(k)
lim & {SIR,(CRAKE’GA)} = % (32)

D—o0 BSNR;” +1

. (Dec) | _ (k)
Jim & {SIRk } — SNR! (33)

as D — oo. It also further turns out that it is not
judicious to increase transmit SN ng) with RAKE
receivers at high diversity orders resolved. Most
importantly, the average SIRs converging to certain
limits in Fig. 2 present the validation of the predictions
of previous large-system results on the deterministic
SIRs with multiuser receivers at wideband limits.

In Fig. 3, the average SIRs are presented versus
SN ng). Average SIR of decorrelator strictly increases
in log-linear fashion while that of RAKE saturates and

converges to:

. (RAKE,GA)| _ 1
R B

5. CONCLUSIONS

In this paper, we analyzed the SIRs achievable
with linear multiuser receivers over GWSSUS time-
variant fading uplink DS-CDMA channels based
on finite-dimensional generalized random spreading
performance evaluation methodology. The analysis
of the derived average SIR expressions elucidates the
performance expectations independent of the specific
choice and assignment of spreading sequences.

— RAKE
-&- Decorrelator

Average SIR (dB)

RS

L L
o 2 4

-5

L L L
6 8 0 12 14 16 18 20
Symbol signal~to-noise rafio, SNR_

Figure 3: Average SIRs versus SNR; at § = 1, D=2
and a = 0.1.
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