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Abstract In this work, we explore the strain and curvature effects on the electronic properties of a curved graphene structure,
called the graphene wormhole. The electron dynamics is described by a massless Dirac fermion containing position-dependent
Fermi velocity. In addition, the strain produces a pseudo-magnetic vector potential to the geometric coupling. For an isotropic
strain tensor, the decoupled components of the spinor field exhibit a supersymmetric (SUSY) potential, depending on the centrifugal
term and the external magnetic field only. In the absence of an external magnetic field, the strain yields an exponentially damped
amplitude, whereas the curvature leads to a power-law damping of the wave function. The spin-curvature coupling breaks the chiral
symmetry between the upper and the lower spinor component, which leads to the increasing of the wave function on either upper
or lower region of the wormhole, i.e., depending on the spin number. By adding a uniform magnetic field, the effective potential
exhibits an asymptotic quadratic profile and a spin-curvature barrier near the throat. As a result, the bound states (Landau levels)
are confined around the wormhole throat showing an asymmetric and spin-dependent profile.

1 Introduction

Two-dimensional materials, such as graphene [1], silicene [2] and phosphorene [3], have been the subject of intense investigation
due to their outstanding properties. Beyond the remarkable mechanical [4] and electronic properties [5, 6], graphene can also be
seen as a table-top laboratory for relativistic physics. Indeed, since the conduction electrons are effectively described as massless
Dirac fermions, relativistic effects such as zitterbewegun [7], Klein tunneling [8] and atomic collapse [9] have been observed. Since
the graphene layer can assume a curved shape, the curvature effects might lead to new interesting relativistic effects, such as the
Hawking—Unruh effect [10, 11].

The study of a Dirac fermion confined into a two-dimensional surface was initially addressed in Ref.[12], and further developments
were provided afterward [13—15]. For a relativistic fermion intrinsically living on a curved surface, a physical realization was found
for conducting electrons on two-dimensional carbon-based structures, as the fullerenes [16, 17], carbon nanotubes [18] and graphitic
cones [19]. In graphene, the massless Dirac equation in curved spaces was studied in a variety of shapes, such as the localized Gaussian
bump [20], the cone [21], a helical graphene ribbon [22, 23], a corrugated plane [24], a M&bius ring [25, 26], a torus [27] among
others. The surface curvature produces a spin-curvature coupling which leads to a geometric Aharonov—Bohm-like effect [28], a
modified spin-orbit coupling [29, 30] and a geometric spin-Hall effect [31].

In addition to the curvature, the deformations of the graphene layer modify the effective Dirac fermion dynamics as well,
producing the so-called pseudo-magnetic fields [32]. This vector potential stems from the strain tensor defined by the deformations
of the graphene layer and the pseudo-magnetic term comes from the coupling to the Dirac fermion; it is similar to the minimal
coupling to a magnetic field [33]. The strain applied to graphene can mimic a strong magnetic field [34] and leads to important
applications [35]. From the strain tensor, an effective Hamiltonian for the Dirac fermion was derived using the tight-binding approach
[36], containing an anisotropic and position-dependent Fermi velocity and a pseudo-magnetic strain vector in the continuum limit.
Since the strain may contain both in-plane and out-of-plane components, the effective Dirac Hamiltonian was extended in order to
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Fig. 1 Graphene wormhole z
geometry. The meridian
coordinate u connects the lower to
the upper asymptotic flat regions

encompass all the stretching and bending effects [37]. In addition, the quantum field interaction of the effective Dirac fermion and
the strain was discussed in [38, 39].

An interesting curved graphene structure is the so-called graphene wormhole, where two flat graphene layers are connected by
a carbon nanotube [40]. Since its shape (cylinder) has a nonvanishing mean curvature, the discontinuity of the curvature at the
graphene-nanotube junction leads to modifications of the energy spectrum and the possibility of localized states close to it [41].
Although Dirac fermions on the upper and lower layers are free states (non-normalizable), the curvature of the nanotube allows the
existence of normalizable zero modes confined at the radius of the wormhole [42, 43]. In order to avoid the discontinuity at the
junction, a smooth graphene wormhole was proposed considering a continuum and asymptotic flat catenoid surface [44, 45]. The
negative curvature of the catenoid leads to a repulsive spin-curvature coupling near the wormhole throat, allowing only the zero
mode as a localized state around the throat [46—48].

In this work, we consider the effects of the curvature and the strain on the effective Dirac fermion living in a catenoid-shaped
graphene wormhole. We extend the effective Hamiltonian obtained in [36] to a curved surface, introducing the usual spin connection
coupling. We explore the different effects driven by the curvature, isotropic strain and an external magnetic field. Since the surface
is asymptotically flat, the lattice deformation which produces the curvature and strain should be concentrated around the throat. The
strain leads to a vector potential along the surface meridian, whereas the spin-curvature coupling points in the angular direction.
Moreover, the strain vector potential provides an exponential damping of the wave function, whereas the curvature leads to a power-
law decay. By adopting the so-called supersymmetric quantum mechanic-like approach [47], the spinor components exhibit a chiral
symmetry breaking. Indeed, the upper component has its probability density enhanced near the wormhole throat in the upper layer,
whereas the lower component is enhanced in the lower layer. The ground state zero mode also exhibits this chiral behavior, since it
is exponentially damped either in the upper or in the lower layer depending on the total angular momentum. By applying a uniform
magnetic field, the Landau levels are also modified by the curved geometry and strain, leading to asymmetric localized states near
the throat.

This work is organized as follows. In Sect. 2, we provide a brief review of the geometry of the catenoid-shaped graphene
wormhole. In Sect. 3, we present the effective Hamiltonian containing the strain, curvature and external magnetic field interactions.
Sect. 4 is devoted to the symmetries of the effective Hamiltonian, and in Sect. 5, we employ the SUSY-QM approach in order to
investigate the effects of each interaction. Finally, additional discussion and perspectives are given in Sect. 6.

2 Graphene wormhole geometry

In this section, we define the surface of the graphene wormhole and describe some of its most important properties. We consider a
smooth surface connecting an upper to the lower layer (flat planes). For this purpose, we choose a catenoid-shaped surface. In other
words, the catenoid surface can be described in coordinates by [45, 47]

r(u, ) =V R2 +u? (cos $i +sin d)f) + Rsinh™! (%)12, (1

where R is the throat radius, —0o < u < oo describes the meridian coordinate and ¢ is the parallel coordinate ¢ € [0, 27), as
shown in Fig. 1.
The tangent vectors are given by
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Fig. 2 The Gaussian curvature 0 e— — — —— — ’
K (u) of the graphene wormhole.
The curvature is smooth and
concentrated around the throat of _5l
the wormhole. For R — 0, the
curvature tends to a delta-like
function [ _
. -10f R =100
R =0.50
-15¢ R=10.25
- R=0.01
20k . . . .
-10 -0.5 0.0 0.5 1.0
u

where ¢, = cos ¢f + sin ¢f is the unit vector along the ¢ direction. From the tangent vectors (¢, ¢3), we can define the surface-
induced metric g;; = é; - Ej. In (u, ¢) coordinates, the surface metric takes the form g;; = diag(l, (R% + u?)). Thus, the 2 + 1
spacetime interval has the form [45]

ds? = d® — du® — (R? + u?)de?, “

where we adopt the (+, —, —) spacetime metric signature convention. Note that the line element in Eq. (4) is invariant under time
translations and rotations with respect to the z axis (axisymmetric).
Let us now obtain the main geometric quantities for the electron dynamics, namely, the dreinbeins, connections and curvature.
The dreinbeins are related to the spacetime metric by the relation
. a b 5
g[LU _eﬂevnab- ( )
Thus, for the catenoid, the only nonvanishing components of the dreinbeins are

e =diag(1,1,v R? + u?) 6)

Remember that they modify the Fermi velocity by turning it into a position-dependent configuration. Moreover, from the dreinbeins,
we can define the moving frame 0¢ = ede“, where, in the catenoid, takes the form 6° = dr, 8! = du, 62 = VR2 + u?d¢. From

the torsion-free condition, i.e., T¢ = df + wj A 6% = 0, the only nonvanishing one-form connection coefficient wj = I'¢,6¢ is
given by
2 u 2
W] =———=0". 7
VTR 2 ™
. 2 .
The curvature 2-form R}, = dwj, + w¢ A wj, has only one nonvanishing component, namely R12 = —(162{37’42)202 A 6. Accordingly,

the Gaussian curvature K = 8° R, has the form
R2

K=———ss.
(R% +u?)?

®)
Here, it is important to point out that the catenoid has a negative Gaussian curvature concentrated around the throat and it vanishes in
the regions far from it. In Fig. 2, we display the behavior of graphene wormhole curvature K. Note that the surface is asymptotically
flat. Thus, the effects of the curved geometry and strain on the electron should be concentrated around the origin. Furthermore, as
R — 0, the curvature tends to a §(r) function, as it is reported in the literature for a discontinuous graphene wormhole [40, 42, 43].

3 Strain Hamiltonian

After a brief review of the main geometric properties of the graphene wormhole, let us now discuss the effective Hamiltonian
containing the strain and curvature effects on the electron. We follow closely Ref. [36] where the most general effective Hamiltonian
was derived. The effective Hamiltonian for a Dirac fermion constrained to a flat surface under the influence of the strain and an
external magnetic field was found in Ref. [36]. We propose a generalization of the effective Hamiltonian of Ref. [36] in the continuum
limit for curved surfaces in the form

Hp = —ih(v{aiaj +iectA; +voo' Ty + voaiQ,-), O]
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Fig. 3 Stress function o (u) for

Fig. 4 Fermi velocity v(u) for 1.000F
B=0.1
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where vl-’ is a position-dependent Fermi velocity tensor defined in terms of the strain tensor u;; as [36]

vl = UO[(S{ -~ g(zu{ +5{u’,§)], (10)
and vg = 3%‘1 is the undeformed Fermi velocity, ¢ is the hopping parameter, a is the lattice constant and 8 = [0 1In¢/d Ina| [33].

The definition of the strain tensor will be given in the next subsection. Note that, when § = 0, the usual constant Fermi velocity is
recovered. Besides, the tensor nature of v;; means that the Fermi velocity depends on the direction on the surface.
In addition, the strain on the surface also induces a new vector field, called the strain vector I';, as a divergence of the velocity
tensor [36]. Thus, for a curved surface, it is defined as
1

I = mv,-ul.f, (11)

where the definition of the strain vector in Eq. (11) is independent of the coordinate choice.
The curved Pauli matrices are defined as [23, 25, 26]

ol =eél 0", (12)

where o¢ are the usual flat Pauli matrices, and efl are the zweinbeins matrices which satisfy
= eels 13
8ij = €;€j0ab- (13)

The definition of the curved sigma matrices employed in Eq. (12) ensures that these matrices do not depend on the particular choice
of coordinates of the surface (surface covariance). It is worthwhile to mention that the definitions of the velocity tensor in Eq. (24)
and the curved Pauli matrices in Eq. (12) lead to a position and direction dependent Dirac kinetic term H| = vi] o'd 1B

In the effective Hamiltonian exhibited in Eq. (9), A; is the external magnetic potential and €2; is the spinor connection [21, 26,
47]

1
Q= Zw?byan. (14)
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Fig. 5 Geometric connection €24 1.0

forR=0.1and R =1 Y= R=1.00 r
R =0.50
0.5

—~ R=0.25

The curved y# matrices are related to the flat y“ ones by the dreinbeins e}, ie., y* = el/y®. The dreinbeins are defined as

v = eﬁef .In (2 + 1) dimension, we can adopt the following representation for the flat Dirac y“ matrices yy = 03, y1 = —io» and
y2 = —iop [26, 27, 47]. Thus, the curved Dirac matrices on the wormhole graphene surface have the form

" =€6)/0 =, (15)

v =y, (16)

y? =yt =y’ (17)

=V
V' R% +u?
From the connection 1-form in Eq. (7), only w% is nonzero. Thus, the only nonvanishing component of the spinor connection £2,, is
Q i u
¢ = = —F—=03.
2 VR +u?

Note that, since —0co < u < o0, the geometric spinor potential in Eq. (18) is an odd function under parity. For R = 0 or for
u — 00, the spinor connection becomes constant 2y = %03, as obtained in the graphitic cone [21]. The geometric connection is
constant, as found for conic surfaces [21]. It is worth mentioning that, due to the resemblance of the spinor and gauge field couplings,
the spinor potential is sometimes interpreted as a kind of a pseudo-magnetic potential stemming from the curved geometry [20].

Furthermore, the strain produces two different potentials on the Dirac electron. The first potential, due to the strain in Eq. (11),
is a vector potential, while the second one in Eq. (18) is a spinorial potential depending on the surface connection. In the next
subsections, we choose a particular configuration for the strain and the external magnetic field and explore the differences between
these three interactions.

(18)

3.1 Strain tensor

Now, let us investigate how the strain tensor u;; modifies the catenoid surface. In order to do it, we assume that the tensions over
the surface are static and isotropic. Therefore, we consider the non-uniform isotropic stress tensor in the form

o; = a(u)éi-. (19)

Since the catenoid bridge is an asymptotically flat surface, we are interested in stress tensor which vanishes away from the throat
and it is finite at the origin, i.e.,

lin}) o(u) =0y, (20)
lim o(u) =0, 2n
u—+oo

where oy is a constant, which accounts for the maximum value of the surface tension. These conditions guarantee a stress tensor
concentrated around the catenoid throat. Indeed, since the surface is asymptotic flat, the curvature and strain effects should vanish
asu —> o0o.

We assume that the mechanical properties of the surface are in the linear elastic regime. Thereby, the stress and the strain tensors
are related by [36]

oij = AM0gij +2pu;;, (22)
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Fig. 6 Strain vector I';, for
R=0.landR =1

where A and p are the Lamé coefficients and 6 = uf is the trace of the strain tensor. From the ansatz employed in Eq. (19), we obtain
the strain tensor as

i _ 1 i

The form of the strain tensor in Eq. (23) shows that the deformations undergone by the surface are isotropic and concentrated around
the catenoid throat. The position-dependent Fermi velocity tensor v;; can be written as

vij = v(u)&ij, (24)
where the position-dependent Fermi velocity function v(u) is given by
o) = vo| 1 — B 2w 1 (25)
2(A+w)
Accordingly, the components of the pseudo-vector potential I'; are
/
r,=-bow, (26)
4+
Iy =0, 27)
In this work, we assume the isotropic stress function o («) as
R2

We see that o (1) becomes even more concentrated when R — 0, as it is shown in Fig. 3. On the other hand, in Fig. 4, we show
the plot of the Fermi velocity function v(u) for different values of 8. Remarkably, it decreases for the regions close to the wormhole
throat (high curvature). Such a feature was already found in a smooth ripple curved graphene layer [20].

In addition, the behavior of the geometric spinor connection €2, and the strain vector I';, are shown in Figs. 5, 6, respectively.
Note that both terms are parity-odd functions with respect to the u coordinate. In this sense, both potentials yield to barrier between
the lower u < 0 and upper u > 0 layers. However, despite this similarity, the strain potential given by Eq. (11) and the spinor
potential given by Eq. (18) have different natures, forms and components. Therefore, these potentials produce different effects on
the Dirac electron, as we shall see in the next section.

3.2 Magnetic vector potential

Now, let us see how thei exterrlal magnetic field B modifies the Hamiltonian. For a uniform magnetic field B = BI€, the vector
potential A is given by A = %B x F. Using the coordinates system in Eq. (1), we obtain

- B
A= E\/R2+u ér. (29)

For R = 0, the expression for the vector potential in Eq. (29) reduces to A= iguéz, as found in Ref. [49]. For u > R, it yields
A ~ %u, as in a conical surface [49] and on the flat plane [50]. In addition, at u = 0, it has a finite value A% = B—zR. Since

€y = v R% + u¢,, the component of A in coordinates is given by A? = % Accordingly, for the covariant component Ay = g¢¢ A%,
we have

A= 2 (R +1), (30)
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Fig. 7 Spin connection 2y for
R =0.1and R = 1. This
curvature potential exhibits a
parity-odd angular configuration

Fig. 8 Strain vector I';, for

R=0.1and R = 1. The Fu(u)
strain-driven potential has a
components only along the
meridian

[y(—u)

A similar expression for the vector potential was found for the discontinuous graphene wormhole [43], except for the presence of
the throat radius R. The electromagnetic potential displayed in Fig. 9 is parity-even, in contrast with the geometric spinor connection
shown in Fig. 7. Also, the strain vector in Fig. 8 turns out to have a parity-odd configuration (Fig. 9).

4 Effective Hamiltonian

Once we have discussed all those interactions acting upon the electron, i.e., the curved geometry, strain and external magnetic field,
let us now obtain the respective Hamiltonian. By collecting all the interactions, the effective Hamiltonian becomes

Hp = mvo{m [v(u)au +ho’+ m}

io:
—ﬁ[v(u)% + eA¢]}, 31)

where 8 = 40& . Notice that the strain vector and the spinor connection modify the Dirac equation leading to a canonical momentum
along the u dlrectlon of form

N . =, u
P, = —lhvo |:v(u)8u + ﬁO’ + m] (32)

Additionally, along the angular ¢ direction, the canonically conjugate momentum is modified by

Py = —ihvg [v()d,]. (33)

1
v R? +u?

In this manner, the effective Hamiltonian can be rewritten in the familiar form Hp = vyo - (f’ — eﬁ), where P = (Py, Py) are the
canonically conjugate momenta and ¢ = (o1, 07) are the flat Pauli matrices.

The expression in Eq. (31) depends only on the coordinate #. The symmetry of the Hamiltonian with respect to the angular ¢
variable is the result of the surface axial symmetry. Thus, the wave function should also inherit this symmetry. In fact, consider the
angular momentum operator with respect to the z axis, L ;= zh— such that, L ¥ = hiyr, where [ is the orbital angular momentum
with respect to the z axis. For a nonrelativistic and spinless electron on the graphene wormhole, an axisymmetric wave function can
be written as ¥ (u, ¢) = eil¢tp(u) [45]. However, as it is well-known for the relativistic electron, L . no longer commute with Hp,

@ Springer



762 Page 8 of 16 Eur. Phys. J. Plus (2024) 139:762

Fig. 9 Vector potential angular
component for an uniform
magnetic field

Z o
<
_5}
1ok
-10 -5 0 5 10

Fig. 10 Magnetic vector potential
A on the surface

although the total angular momentum operator along the z direction fz = f,z + S‘Z does [50]. Since §3 = %[yl, 21, then the spin
operator with respect to the z axis is given by
b
S, = —i50s. (34)

Here, the total angular momentum operator has the form fz = zh( + 03), where J Y =mhy andm = [41/2[51]. Therefore,
considering the axial symmetry on the spinorial wave function, so that [46, 51]

W(u, ) = ™Y (u), 35)

the Dirac equation HpW = EW leads to the Dirac equation Hpy = Er, in which the effective Hamiltonian simplifies to

[v(u)m+eAy]
fin = — ik 0 v(u)oy, +,30 + 2(R2+ S S i
D = —1hvg [vwm+eAy] . (36)
v(u)d, + o’ + 2(R2+ 5+ N 0

The effective Hamiltonian in Eq. (36) has parity-even and parity-odd potentials.
In Eq. (36), the position-dependent velocity function v(x) multiplies the partial derivative 9, (Fig. 10). By writing vdd—u =4

a0 for

v(u) given by Eq. (25), we have { = u — \/% tanh™! (#25"_2)) Unfortunately, this relation cannot be inverted analytically,
as one seeks to rewrite Eq. (36) in terms of variable . However, a graphic analysis reveals that, for 0 < 8 < 1, there is only
a small difference between ¢ and u, as shown in Fig. 11 for 8 = 1. Indeed, taking the limit 8 — 1, the function ¢ becomes
L =u+ \iftan_1 V2u. Note that for u — +00, ¢ —u — if’ and thus 5_" — 0. Therefore, near the origin ¢ ~ u and
asymptotically ¢ is only u shifted by a constant amount, as we can also see by the graphlc inFig. 11. For 1 < B < 2, the difference
¢ — u increases, though it is still finite and @ DN 0, as u — 00. At 8 = 2 the function ¢ is not defined and for 8 > 2 the function

¢ is only defined in the interval |u|< ﬁ‘/ 2. Since we are interested in solutions for all —oo < u < oo and we are considering

small strain effects, i.e., ,3_00 <1/2, the_n we restrict ourselves to the interval 0 < E < 1. Accordingly, since the position-dependence
of the Fermi velocity is small for 0 < 8 < 1, for the sake of simplicity we adopt { =~ u from now on.
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As a result, the Hamiltonian simplifies to

> [m+eAy]
- 0 Oy +Bo' + s—t—m —
Hp = — ihvg B mteds] 2(R?>+u?) VR2+u? | (37)

0

Oy + Bo' + s~ +
u ﬂ 2(R%+u?) v R2+u?

The effective Hamiltonian in Eq. (37) shows clearly the distinctive interaction terms arising from the strain So”’, from the geometric

. u . m . . eA¢ .
connection 5y, centrifugal term N and the electromagnetic coupling TR In the next section, we explore the effects

of each interaction.

5 Supersymmetric analysis

In this section, we employ a supersymmetric quantum mechanical approach [27, 47] to explore the features of the effective Hamil-
tonian in Eq. (37) and find the solutions of the Dirac equation.
From the effective Eq. (37), it leads to

ﬁDw = 61//’ (38)

(4

where the spinor ¢ = ( v
29

). The effective Dirac equation (38) can be written as

0 iO Y1\ [ ¥
(i0,0) (52 ) =<(32. ) @)

where the first-order operators O ; are defined as
(m + eA¢)

u
+ .
2R+ ) T R+ 2

4 +Bo’ + (40)

O =
1.2 du

By performing the change on the wave function of the form
Yi20) = (R +u?) V4 Po y ), @1
the Dirac equation yields a decoupled equations for the x| and x» in a Klein—-Gordon-like form

_Xil,z + Ugﬁf1,2Xl,2 = e’ x12, (42)

E

where € = i

is the electron momentum and the squared effective potential is given by
5 (m+eAp)\* _ ((m+eAy)
Ukpin = ¥ . (43)
vV R? +u? v R?% + u?

The Klein—Gordon-like expression present in Eq. (42) has the structure of a so-called supersymmetric quantum mechanics, whose
superpotential W is given by

m + eA¢,
V= e @

. . . . . . eAy . .
Note that Eq. (44) is given by the spin-curvature potential and the magnetic coupling term = present in the Dirac

__m__ ¢
VRZ+u? VR%+

equation.
The SUSY-like form of the squared effective potential

Ubpio=W>F W (45)
enables us to rewrite the decoupled system of second-order Klein—-Gordon-like Eq. (42) as
alay, =Xy (46)
ad’ 2 = € o, @7)
where a = % +Wanda™ = —% + W are first-order differential operators [47]. The so-called superpartner squared Hamiltonians

H? =a'a and H} = aa’ satisfy H} = (H})' [47].
A remarkable feature of a quantum mechanical SUSY-like Eq. (46) is the existence of a nonvanishing ground state for ¢ = 0,
known as the zero mode [40, 42]. Indeed, for € = 0, the conditions ax; = 0 and at X2 yield to

Y0 ) = (R? +u?)~V/4ePo 7 [ WeHa (48)
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Fig. 11 Change of coordinate
t=cforp=1

U
Fig. 12 Superpotential W(u) for T L T ’ i ’
Re1B=0 B=01;m=1/2 R=1.0
1.5 B=01;m=3/2
g B=0.0;m=1/2
3 10
\E—/ — B=0.0;m=3/2
0.5
0‘0 H " " " i
-10 -5 0 5 10
Uu

Since the superpotential W is related to the spin-curvature coupling and the external magnetic field, the zero mode is related to the
flux of curvature and magnetic field near the throat [40].
The factor (R2 + uz)_l/ 4 is due to the normalization condition on the surface. Indeed, the normalization condition takes the form

b 27
1= / / W IA(R? +u?)! 2 dudg, (49)
—b JO

where —b < u < b. Despite both the curved geometry and the strain reduce the wave function amplitude for u — o0, the curvature
damps the amplitude by a power-law factor whereas the strain damps it by an exponential factor.
Another noteworthy feature of the Dirac equation in curved surface is related to the geometric phase [21]. Indeed, the holonomy

operator U(¢) = ef(;b Q"d"i, where €2; is the spin connection in Eq. (18), leads to
Up) = e 22 ®?, (50)

This geometric phase reflects the change on the wave function when the fermion performs a 2 rotation for a given u [26]. Itis a kind
of geometric Aharonov—Bohm effect driven by the curvature instead of the magnetic field [21]. By applying the geometric phase
operator U(¢), i.e., ¥' = U(¢)¥, the Dirac equation Hpy = Ev simplifies to Hpy' = Ev’', where the simplified Hamiltonian
Hp is given by

5 A
- 0 0y + Bo’ — [m%;_,_fz]
HD——thO = [m+eAgy) . (51)
d, + Bo +JW 0

Thus, the curvature effects of the curved surface can be encoded into the geometric phase in the operator U(¢) given by Eq. (50).

Itis important to highlight that the effects of the strain, curved geometry and external magnetic fields are rather distinct. The strain
and curved geometry provide the geometric phase, whereas the centrifugal and the magnetic field yield the SUSY-like symmetry.
In the following, we explore the effects of each term on the electronic states.

5.1 No external magnetic field

In the absence of a magnetic field, i.e., for B = 0, the superpotential has a simple form

m
W) =

_ 52
NI 62
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Fig. 13 Squared effective 0.10
potential for § = 1, m = 1/2 (on = R =4.00 _

the left panel), m = —1/2 (on the 0.08 m =1/2
right panel) for B =0

Fig. 14 Density of states for 12F ' ) T
e=1landm=1/2 ’

whose behavior is plotted in Fig. 12. The symmetric centrifugal barrier of the superpotential leads to an asymmetric potential for
Uesz, as shown in Fig. 13. Note the dependence of the squared potential on the total angular momentum m. This one is similar to
that one encountered in the context of a Dirac electron constrained to a helicoid potential [23].

For m # 0, the Klein—Gordon-like Eq. (42) reads

" m? + u ) 53
“X2t\ 2 m(R2+u2)3/2 X12 = €7X1,2, (53)

It is worthwhile to mention that the effective potential

m2 u
UZp1p = +£m (54)
eff1.2 7 R24 2 (R2 +u2)3/2°

couples the angular momentum quantum number m and the curved geometry terms. The second term in the potential W

breaks the symmetry m — —m. Indeed, we can obtain the x, spinor component from y; by performing the change m — —m.
For u > R, the potential tends to Uesr1,2 ~ % Accordingly, Eq. (53) has the asymptotic solution

312 % Vit (€1 2wz (ew) + 2V (ew), (55)
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Fig. 15 Density of states for
e=landm=-1/2

Fig. 16 Zero mode form = £1/2 T /2
——_m =
1.5 m=-1/2
= 10
No
0.5
00 I —
-4 -2 0 2 4
Uu
Fig. 17 Zero mode m = £3/2 v 3
—_— =
150 m=—3/2
—~
= 100
=)
50
O i
-4 -2 0 2 4
Uu

where J,,(x) and Y, (x) are the Bessel function of the first kind and the second kind, respectively. In this region, the solution in
Eq. (55) resembles the one found for the Dirac equation in other graphene wormhole geometries outside the throat [46].

Note the presence of the total angular momentum number m = [ + % in the order of the Bessel functions. For u — o0, the
potential vanishes and thus, the x; function tends to A sin(eu), as for the m = O states. Therefore, the interaction between angular
momentum and curvature is concentrated around the graphene wormhole throat.

For R = 1 and € = 1, we numerically solved Eq. (53) and the resulting squared wave function is plotted in Fig. 14 form = 1
and in Fig. 15 for m = —1. By changing m — —m, the density of state is shift from the upper (¢ > 0) into the lower sheet (u < 0).
Moreover, for 8 = 1 (solid line) the amplitude is smaller than for 8 = 0.5 (dashed line).

The zero mode, i.e., for € = 0 is given by

Y0o(u) = (R? + u?y~ V4 Pot ggmsin ™ /R 56)
where is evident the chiral symmetry breaking m — —m and the parity-odd behavior of this ground state. Indeed, as shown in the

fig. the states for m > 0 are suppressed in the upper layer whereas the m < 0 states are suppressed in the lower layer. A similar
chiral separation was also found for the massless Dirac field in a helicoidal graphene strip [22] (Figs. 16, 17).
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Fig. 18 Effective squared 10

potential for m = —3/2 for m = _3/2 [ B oa00r
different values of B 8 =0.
B =0.150T
—~ 6
3 B =0.200T
~—
S
~g 4 — B=10.250T
2
0

5.2 Constant magnetic field

Now let us consider the additional effects from the uniform magnetic field. The respective Klein—Gordon-like equation becomes

(e (Bu?)/2)*> _ u(—2m + BQR? +u?)) _2 57)
X12 R+ T 2R +u2)? 12 =€ X1.2-
In Eq. (57), the effective potential
Ut (m+(Bu®)/2)*  u(—2m + BQR? +u?)) (58)
eff1.2 R2+u2 2(R2 +u2)3/2

includes effects from the curved geometry, total angular momentum (spin and orbital) and the coupling to the magnetic field. Note
that, for u > R (outside the throat), the effective potential takes the form

, . m(m+1) 1 B? ,

which is the effective potential for a 2 + 1 massless Dirac fermion under an uniform magnetic field in a flat plane using cylindrical
coordinates [50, 51]. That is an expected result, since the graphene wormhole surface is asymptotic flat. Moreover, the effective
potential in Eq. (58) also exhibits the m — —m asymmetry.

Due to the complexity of Eq. (57), we employ numerical methods to obtain the first excited states and their respective energy
spectrum (Landau levels). In Figs. 18, 19 we plotted the effective potential ngff for m = 0 and m = 1, respectively. Note that
for u > R, the effective potential diverges as BTZMZ, whereas for u << R the potential is dominated by the geometric and angular
momentum terms (finite barrier for m # 0).

We plotted the first Landau levels foreB =1, R =1, § = 1 and m = 0 (s state) in Fig. 20. Note that the first excited state (red
line) is located on the upper layer, whereas the second (blue) and the third (green) have two asymmetric peaks around the origin.
ForeB =1,R = 1,8 = 1 and m = 2 in Fig. 21, the first excited state already has two asymmetric peaks displaced from the
origin. Nonetheless, it is worthwhile to mention that the probability density does not vanish at the origin. Note that for u > R, the
wave function exhibits the usual exponential decay due to the external magnetic field [S0]. Therefore, the external magnetic field
allows us to confine the electron around the wormhole throat. However, due to the curved geometry and the strain, the electron is
not symmetrically confined around the wormhole.

Finally, the ground state zero mode under the action of the magnetic field is modified by

Iﬁ?z(u) :(R2 + uz)—1/4e—/§a(u)e;m sinh~'(u/R)
« e$%(u\/R2+u2+R2 tanh’l(u/«/R2+u2))' (60)
In Eq. (60), the magnetic field introduces another exponential factor whose argument is a parity-odd function. Accordingly, the
magnetic field enhances the chiral separation of the electronic modes. However, note that changing the sign of the magnetic field for
a given angular momentum number m, the magnetic field might reduce the chiral separation between the upper and lower layers.

6 Final remarks and perspectives

We investigated the curvature, strain and magnetic field effects upon a massless relativistic electron on a graphene wormhole surface.
The graphene wormhole was described by a catenoid surface which smoothly connects two asymptotic flat graphene planes (layers).
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Fig. 19 Effective squared

potential for m = 3/2. Red 10f M = 3/2 — B =0.100T
line(B=0.1), blue line (B=0.15)
and the green line (B=0.2) 3 B = 0.150T
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Fig. 20 Density of states for T T T T T T T
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In this sense, the geometry proposed was a smooth generalization of the graphene wormhole shown in Ref. [40]. The effective Dirac
Hamiltonian containing strain-dependent terms was obtained in Ref. [36] and extended in Ref. [37].

Due to the axial symmetry, we considered an isotropic strain tensor localized near the wormhole throat, similar to the behavior of
the Gaussian curvature. Indeed, since the curved geometry of the throat was obtained due to deformation of the lattice structure, it
was expected that both curvature and strain were localized around this region. It turned out that the pseudo-magnetic potential due
to the strain I', had only components along the meridian coordinate u, whereas the spin connection 24 pointed along the parallel
direction ¢. In this manner, despite having the same origin (the lattice deformation), these two interactions had distinct effects on
the electron. Moreover, by applying the external magnetic field, a true magnetic potential A also acted on the electron. N evertheless,
although A only had the angular component A, the spin connection Q4 was parity-odd, whereas Ay was parity-even under the
transformation u — —u.

The strain and spin-curvature break the parity invariance of the effective Hamiltonian. Moreover, the spin connection term led
to a chiral invariance m — —m. By employing the supersymmetric quantum mechanical (QMSUSY) approach, we found that the
strain vector yielded to an exponential suppression of the wave function, whereas the spin connection led to a power-law decay. In
absence of magnetic field, the superpotential was given by the spin-curvature term which increased the amplitude of the probability
density in the upper layer for m > 0 and in the lower layer for m < 0. A similar chiral behavior was found in graphene nanoribbons
in a helical shape [22]. Since the graphene structure is asymptotically flat, for a vanishing strain vector, the wave function behaves
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as a free wave in a flat plane [23]. The inclusion of a uniform magnetic field confined the electronic states near the wormhole throat.
These Landau levels were modified by the spin-curvature, and the strain interactions turned out to be an asymmetric probability
distribution.

In addition, this work revealed that, despite the coupling of strain, curvature and magnetic field in the effective Dirac Hamiltonian
being similar, they possessed rather different effects. As a result, we pointed out a couple of perspectives for further investigation.
A noteworthy extension of the present work could consider the effects of dynamical strain (phonons) or corrugations on the
graphene wormhole. Furthermore, the chiral breaking due to the spin-curvature coupling suggests an interesting spin-Hall current
to be analyzed. Moreover, the analysis of the geometric Aharonov—Bohm-like phase due to the concentrated curvature around the
wormhole throat seems a worthy perspective as well.
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