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Implementation of a Chaotic Particle Swarm Optimization
Algorithm to Estimate the Parameters of Weibull Distribution

Highlights

< Experiments show that the suggested chaotic map approach performs better than the traditional linear
decreasing inertia weights.

** The findings of the simulation show that one type of chaotic map cannot outperform the others since different
chaotic maps perform better in various contexts.

«* Better results have been obtained by including chaotic maps into such algorithms in order to overcome the
early convergence issue that prevents improved performance in challenging optimization problems.

Graphical Abstract

The parameters of the three-parameter Weibull distribution, which are notoriously difficult to estimate, are estimated
using the Particle Swarm Optimization algorithm.
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Figure. The flowchart of PSO

Aim
It was attempted to avoid local solutions more readily by employing chaotic maps as opposed to classical methods.
Design & Methodology

Chaotic maps were used to overcome the premature convergence problem, which is a problem in Particle Swarm
Optimization, and the results were comparatively examined in the parameter estimation of the Weibull distribution.

Originality
A significant feature of this research is the detailed examination of chaotic maps for the inertia weight, which

influences the convergence of the Particle Swarm Optimization, for the estimate of various parameter values of the
three-parameter Weibull distribution.

Findings

Simulation findings demonstrate that for predicting the three-parameter Weibull distribution, the suggested chaotic
map technique outperforms traditional linear decreasing inertia weights.

Conclusion

4

uld §¥’integrated into such algorithms to avoid the premature convergence problem.
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ABSTRACT

Numerous studies on the statistical inferences of the Weibull distribution’s parameters have been performed

maximum likelihood is a widely used method in the estimation of unknown parameters, estimgf
the likelihood function is very challenging for some distributions, like the three-parameter Weib

maps for the inertia weight, which is the factor affecting the convergence of tl
different parameter values of the three-parameter Weibull distribution. The
by a thorough Monte-Carlo simulation analysis. The simulation findings d

outperforms the classic linear decreasing inertia weights.
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1. INTRODUCTION

The three-parameter Weibull distribution, which is a
popular distribution due to application in numerous
scientific areas, such as reliability, engineering, and
renewable energy, is handled by researchers in different
disciplines. It is commonly well-known that the three-
parameter Weibull distribution can match a very wide
range of empirical observations quite well [1]. For this
reason, statistical inferences regarding the parameters of
this distribution have gained importance over time and
various studies have been conducted on this subject.
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formansin1 artirmak i¢in algoritma icin farkli parametre degerlerinin ayarlanmasi
stirecini 6nemli dlgiide etkileyen atalet agirligmin belirlenmesi olduk¢a 6nemlidir. Bu
un yakimsamasini etkileyen faktor olan eylemsizlik agirligi i¢in kaotik haritalar ele alinmis ve

The cumulative distribution function (cdf) and the
corresponding probability density function (pdf) of the
three-parameter Weibull distribution are given by
-\ B
Fe() =1—e (i) )
-1 Xi=Y’ B
feo) = £ () 5 @
where x >y >0, n > 0and g > 0 are location, scale,
and shape parameter, respectively [1]. The mean,
variance, skewness (H;), and kurtosis (#3,), which
represent the four basic statistics of this distribution, are
defined by
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where T' demonstrates the Gamma function [2, 3]. The
skewness and kurtosis values of the three-parameter
Weibull distribution are shown in Table 1 to further
comprehend the form of the distribution. Additionally,
depending on the various S values, the Weibull
distribution has several different shapes. For a few
example values of the shape parameter 3, the pdf and cdf
plots of the Weibull distribution are shown in Figure 1.
The skewness and kurtosis values of the three-parameter
Weibull distribution are extremely varied, as seen in
Figure 1 and Table 1. Consequently, due to its flexibility,
it can be utilized for modeling purposes in a variety of
scientific areas.

Table 1. The skewness and kurtosis values of the three-
parameter Weibull distribution for values of the shape

parameter °

B 15 2 25 3 4 6 9/

0.631 0.359 0.168  -0.087 -0873
3.245 2.857 2.730 2.748 3.036,

H, 1072

¥, 4390

etho
ikelihood

Estimation theory is crucial for graphi
statistical studies, including the Maximum
(ML), Least Square (LS), weigh

estlmatlng the
parameters [4, 5]. Vario

umerous different techniques
g the parameters of a probability

pdfl

Since ML estimators are asymptotically unbiased with
the least variance, it is also a widely used technique for
parameter estimation. [18]. Because of both its
usefulness in complex estimation issues and providing
estimators with many desirable statistical properties, ML
is the most often used estimating methodology.

The parameter vector of the distribution considered in
this article is 6 = (y,n,8). Finding a vector that
optimizes the likelihood function was the goal in this
situation. We may also utilize its logarithm, say InL, to
maximize L. When used with a three-parameter Weibull
distribution, maximizing the L function is a difficult
solution.The following is the three-pgrameter Weibull
distribution’s L function:

1le(xu %77'/?) w
Its logarithm is as foIIow :

lnL—nln( )+Z

The I|keI|hood
umerical approaches, such
¥enj-based and direct search

the maximum or minimum, these
be considered as local search
. It is important to note that conventional

ceof parameter values that precisely maximizes
L [4, 7]. To overcome these difficulties, which are
Blefed to the multimodal nature of a large number of
parameters and objective functions, it may be thought
about using an effective heuristic optimization method.
Particle Swarm Optimization (PSO), the most well-
known and widely used in different fields, is a
population-based computational intelligence method that
can converge to an optimal solution in numerous
situations while most analytical approaches are unable to
do so. In addition, it is not so much impacted by the
dimension and nonlinearity of the problem [20]. It offers
a few advantages, including ease of use, reliability, and
widespread acceptance as a powerful method for global
optimization. For these reasons, the importance of this
paper is further enhanced by the use of the PSO
algorithm.

as a as 5
=

Figure 1. The pdf and cdf plots of the three-parameter Weibull distribution for values of the shape parameter

(Weibull(y = 2,1 = 1, 8))



Comparatively to two-parameter examples, estimating
the parameters of the three-parameter Weibull
distribution family is an extremely challenging task. As
far as we know, there is not a lot of paper in the literature
on using PSO to estimate the three-parameter Weibull
parameters, which will also be discussed in this paper.
Wen et al. [21] suggested using the PSO algorithm-based
correlation coefficient optimization method to estimate
the parameters of the three-parameter Weibull
distribution. Orkcii et al. [4] presented a comprehensive
Monte-Carlo simulation study on ML estimation of the
parameters of the three-parameter Weibull distribution
using a PSO approach. Acitas et al. [5] conducted a
parameter estimation study for the three-parameter
Weibull distribution by proposing a new adaptive search
space based on confidence intervals in the PSO.

The inertia weight in the PSO algorithm controls the
balance between global search and local search ability.
Because the global search is simplified by a large inertia
weight, whereas the local one is simplified by a small
inertia weight. Therefore, it is important to modify the
inertia weight appropriately. The originality of this paper
is to consider different chaotic map types instead of
inertial weight, which is the most important factor
affecting the search process in PSO. In this study, it was
tried to avoid local solutions more easily compared to

classical algorithms. In this way, it was aimed to incregs®

global convergence. In addition to make parame
estimation with a comprehensive Monte Carlo simulatio
study in different search spaces for different pa e
values of the three-parameter Weibull distributiofy, whi
has a highly flexible structure.

The remainder of the paper is organize
sections: Section 2 describes the PSO a

Eberhart [22] and
of bird flocks, is an
es a population-based

population, arm, modifies its trajectory to move
toward both itsY¥wn best position and the best position
previously attained by any member of its topological
neighborhood [24].

A population is a group of solutions or particles that make
up PSO. Each solution is a point in a multidimensional
space represented by a set of parameters. All particles in
the swarm work individually under the rule of
acceleration towards the best individual and overall
position, constantly evaluating the value of their present
position. Each particle is equipped with a memory that
enables it to remember its prior best position, known as
the personal best (pbest) and the global best (gbest). The
personal best, or pbest, is the location that a particle

individually found to have the highest fitness value.
Based on the path it has taken, each particle has its own
pbest. The particle compares the fitness value of its
present location to that of pbest at each point along its
path. Pbest is changed to the present location if the
present one has a greater fitness value. It was also
possible to determine the location of each particle's
maximum concentration inside the swarm. The global
best, or gbest, is the name given to this site for the best
fitness ever observed. There is just one gbest to which
every particle is pulled for the entire swarm. Each particle
compares the fitness of its present location to that of gbest
at each point along its path. Gbest is changed to reflect a
particle’s present location if it is at i
higher fitness value.

In a n-dimensional seag:h

vectors X; =
(xi1s Xi2) o) Xin) Each

particle in the swar

, updated rules for new positions
s in the n-dimensional search
e globadl optimal position is discovered. The

i d position of each particle can be

¢1Rrana, (pbest{‘ - Xlk) +
- Xx}) ©)
Xk 4yt (10)

Where V¥ the velocity of particle i at iteration k, w inertia
weight, c¢q, c, acceleration coefficients, R,4n4,, Rrana,
are random numbers uniformly distributed (0,1), X}
position of particle i at iteration k, pbest¥ best position
of particle i until iteration k, and gbest® best position of
the group until iteration k.

According to Eq. (9), a particle’s velocity changes
depending on three components. The first component is
its previous velocity, V¥, scaled by an inertia, w. This
component is frequently referred to as habitual behavior.
The second component is a linear attraction toward its
previous best position, pbest¥, scaled by the product of
acceleration coefficients, ¢;, and a random number. It
should be noted that each dimension is assigned a
different random number. This component is frequently
referred to as memory or self-knowledge. The third
component is a linear attraction toward the global best
position, gbest®scaled by the product of an acceleration
constant, c,, and a random number. This component is
frequently referred to as teamwork or social knowledge
[4].

The weights of stochastic acceleration terms that direct a
particle towards pbest and gbest, respectively, are
indicated by personal and social learning factors with
acceleration coefficients ¢; and c,. Small values enable a
particle to explore far away from the target locations,
while large ones cause the particles to move suddenly



towards the target locations. Acceleration coefficient
values between 0 and 4 are usually taken as equal.

The control of global exploration and local exploitation
is a key in the issue PSO algorithm. Shi and Eberhart [25]
presented the notion of inertia weight to the first version
of PSO to equilibrate local and global searches
throughout the evolution process. Appropriate inertial
weight selection requires fewer iterations on average to
find an optimal solution, as it ensures a balance between
global and local exploration. In this context, the classic
linearly decreasing inertia weight concept applied by Shi
and Eberhart [25] to PSO is as given in Eq. (11).

Wmax~Wmin

X Iter (112)

w = w -
max Itermax

where initial and final inertia weights are w,,,, and
Wmin, espectively. Iter is the current iteration number,
whereas Itet,,,, is the maximum iteration number [25].
In literature studies, the values of wp,, and wqgin
parameters are usually set as 0.9 and 0.4, respectively [4,
21].

3. THE PROPOSED METHOLOGY

The PSO search process will be significantly impacted by
the inertia weight w, which is the primary factor driving
convergence. The global search is facilitated by a large
inertia weight, whereas the local search is facilitated by @
small inertia weight. Therefore, it is important to set f
inertia weight value correctly for the algorithm to wor

the above-mentioned premature convergence.
reason, chaotic maps are employed tg avoi
convergence.

3.1. Chaotic Maps

Chaos, which is generally a dynamic, nonconvergent and
deterministic method, is a phenomenon where even a
small modification in the starting circumstances can
result in a nonlinear change in behavior that follows [26].
Although it appears random and unpredictable, it also has
a certain element of regularity [27]. The nature-inspired
optimization techniques include some parameters that are
chosen at random from a Gaussian or uniform
distribution. However, chaos behaves similarly to chance
but has better statistical and dynamical properties [28].
The chaotic variables must have these properties to cycle
through all possible states within a cerfgin range without

works [29-33]. The
applied chaotic maps

quence and t is defined as the
sequence w. The other parameters
u are the control parameters. These
sed to determine the chaotic behavior of

e w, t0 0.7, which is according to [31, 32, 34].
p 2 demonstrates the visualization of five applied

Raeftic maps over 500 iterations. As can be seen, each
chaotic map represents a different kind of chaotic
behavior.

Table 2. Chaotic maps

V.
Chaotic map MNaltical formula Parameter values Value range
. - 7 c
Circle ,{ Werr Sggod (P +d — () sin(2mwy) 1) c=05d=02 ©.1)
Logistic Wi = cwe(1 —wy) c=4 0,1)
Wy
T, 0< We <l
w, =1
05—1’ [<w, <05
Piegefiise Wy =41 l-— w =04 0,2)
—— 05<w, <1-1
05-1 " -
1-w,
] 1-l<sw, <1
Singer Wepr = u(7.86w, — 23.31w? + 28.75w3 — 13.302875w) i =107 (0,1)
Wt
ﬁ, We <0.7
Tent Wee1 =310 0,2)

?(1 - Wt)' Wy = 0.7
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4. EXPERIMENTAL RESULTS

For an accurate and sensitive gét
necessary to be aware of the

Weibull distribution. 43

parameter Weib parameters, as
described in vg€ ), are used, along with
various sal evvaluate the performance of

the PSO

and 6 = (2,1 e taken into account. Therefore, a
sample space Known to originate from the Weibull
distribution obtained with the help of the formula given
below must be found initially. Meanwhile, this formula
is the inverse of the cdf function given in Eq. (1).

Xy B~y+n(- log(rand(O,l)))E (12)
Where rand(0,1) is a uniform random number in the
range [0,1].

To demonstrate the development in the ML estimate for
PSO algorithm, three different circumstances for 6 =

(v,n, B) and various sample sizes of 30, 50, 100, and 500
for each example are used. The basic estimating theory

300 350 500

Iteratinn

!Waotic maps

makes it clear that a larger sample size will result in better
estimation. However, in this case, the likelihood function
to maximize will get increasingly challenging as the
sample size increases.

In PSO, particle size is crucial; robustness and algorithm
complexity are both impacted by it. Large populations
will require more computational work and may cause
slow convergence, whereas small populations may
produce local convergence. Particle sizes of 50 and 250
are used in this study depending on the three-parameter
Weibull likelihood function’s structure, the search space,
and the number of estimated parameters, like Orkcii et al.
[4]. The personal and social learning factors, or
acceleration coefficients ¢, and c,, are often chosen with
c¢; equal to ¢, and a range of [0, 4]. Coefficients ¢, and
c, are both set to 2 in this study [4, 25].

In addition to all these parameters, it is an important issue
to determine the inertia weight w, which is examined in
detail in this study because of the significance of the
convergence behavior of the PSO algorithm. The record
of prior velocities impacts the present velocity, and this
effect is controlled by the inertia weight. The parameter
thus controls the swarm’s ability to trade off its ability to
explore both locally and globally. The swarm’s ability to
explore both locally and globally is balanced by an



appropriate value for the inertia weight, which leads to a
better solution. A large inertia weight helps with global
searches whereas a small inertia weight helps with local
searches. For the algorithm to work effectively, it is
crucial to set the inertia weight value appropriately.
Premature convergence is caused by particle entrapment
in a local optimum, which occurs often in the PSO
process. Because of this, five different chaotic maps are
used to prevent early convergence in this study.

How it optimizes the search space depends on the values
of these parameters. The [0, 10] and [0, 1000] search
ranges are chosen for each of the three parameters in this
study. The search space was altered in accordance with x
samples in each experiment because of x > y > 0. In this
paper, where the stopping criterion is used as the
repetition limit, the algorithm is stopped after 100
iterations, and for the deficiencies (DEFs) to be used in
the evaluation of the predictions, 1000 different trials are
performed. The overall efficiency of the ML estimators
of the model parameters is measured by the DEF value,
which is defined as Eq. (13) [35]. This scale is essential
for evaluating how well parameter estimate methods
perform [36]. Furthermore, the parameters used to
calculate the Def criterion have mean squared error
(MSE) values that are provided in Eg. (14-16). When all
cases are considered, a total of
3x4x2x2x6x1000 = 288000
experiments are carried out.

independ@?(\

The following conclusions can be drawn from Table 3-8,
which shows the estimation results for different
parameters. In addition, detailed graphs of the parameter
results are given in the Appendix. As an example, the
case where parameter values are 6 = (y,n,pB) =
(2,1,2.5), the sample size is 30; particle size is 50; and
search space is [0, 10] and [0, 1000] are given in Figure
3 and Figure 4, respectively. In terms of the Def criterion,
it is obviously seen that all chaotic maps give better
results than the classic linearly decreasing inertia weight
concept applied by Shi and Eberhart [37] for all cases.
Furthermore, the Tent has never been the type of chaotic
map that gives the best results.

The Def value has a lower score even
size is high for all cases in the

d search space were
d and all chaotic map types.

05 10 15 20 25 05 10
Gamma

Figure 3. The boxplot

e )

5 2 5 3
Eta Beta

independent experiments for the 6 = (y,n, B) = (2,1,2.5), n = 30, particle size 50,
and [0, 10] search space

Gamma

5 5 1 2
Ba Bota

Figure 4. The boxplot graphs of 1000 independent experiments for the 6 = (y,n, 8) = (2,1,2.5), n = 30, particle size 50,
and [0, 1000] search space

DEF (7,7, 8) = MSE(¥) + MSE(#) + MSE(f) (13)
MSE([®) = Var(#) + Bias?(®) (14)
MSE(®#) = Var(f) + Bias?(#) (15)
MSE(B) = Var(B) + Bias?(B) (16)



Table 3. The estimates of the parameters 8 = (y,n, 8) = (2,1,2.5) for [0, 10] search space

. . Sample size 30 50 100 500
Inertia weight - -
Particle size 50 250 250
@ 1.6303 2.0814 2.0075
Circle rz 1.3936 0.9025 0.9912
B 3.6630 2.2800 2.4817
DEF 3.4003 0.4307 0.0128
@ 1.6240 2.0905 2.0067
Logistic rl 1.3990 0.8899 0.9920
B 3.6700 2.2350 2.4812
DEF 3.5115 0.4342 0.0124
¢ 1.5904 2.0859 2.0076
Piecewise rz 1.4326 0.8970 0.9923
L 3.7584 2.2552 2.4825
DEF 3.8129 0.4712 0.0123
@ 1.6229 2.0895 2.0060
Singer rl 1.3941 0.8897 0.9929
B 3.6681 2.2357 2.4852
DEF 3.4929 0.4646 0.0137
1] 1.6369 2.0992 2.0052
7 1.3872 0.8841 0.9954
Tent A
p 3.6555 2.2259 2.4887
DEF 3.3924 0.4651 0.0131
@ 1.5012 2.0072 2.0056
Classic rl 1.5284 0.9758 0.9934
B 4.0223 2.5454 2.4888
DEF 6.3548 1.1379 0.0169
Table 4. The estimates of the paramet =1(2,1,2.5) for [0, 1000] search space
. . Sample size 30 100 500
Inertia weight - -
Particle size 50 250 50 250 50 250
2.0034 1.4103 1.9984 1.4266 1.9953
Circle 0.9913 1.6196 0.9981 1.6054 1.0047
2.5066 4.2496 2.5181 4.1658 2.5158
0.5247 5.9215 0.2543 5.4192 0.0576
2.0083 1.3831 2.0102 1.4807 1.9916
- 0.9849 1.6525 0.9872 1.5487 1.0088
Logistic
2.4819 4.3064 2.4743 4.0030 2.5271
0.5361 6.2110 0.2352 4.6963 0.0639
. . 2.0119 1.4010 1.9981 1.4218 2.0012
Piecewise 1.6526 0.9994 1.6510 0.9827 1.6316 0.9980 1.6107 0.9980
4.4105 2.5686 4.3718 2.4913 4.2658 2.5197 4.1743 2.4945
P 7.2749 1.0571 6.7829 0.4998 5.8385 0.2718 5.3911 0.0496
1.3818 2.0087 1.4010 2.0121 1.4003 2.0104 15214 1.9997
Sings 1.6510 0.9735 1.6297 0.9808 1.6317 0.9867 1.5063 0.9995
4.4440 2.4872 4.3185 2.4656 4.2489 2.4834 3.8952 2.5056
7.3386 0.9307 6.5529 0.4931 59711 0.2094 4.1633 0.0482
1) 1.3575 2.0030 1.3692 2.0180 1.4359 2.0084 1.4521 2.0049
Tent 77 1.6754 0.9880 1.6652 0.9678 1.5936 0.9886 1.5775 0.9937
B 4.4975 2.5070 4.3716 2.4457 4.1653 2.4925 4.0952 2.4825
DEF 7.6653 0.9758 6.7532 0.4966 5.8754 0.2349 5.1867 0.0541
] 1.2812 1.7292 1.1727 1.9414 1.2416 2.0022 1.0797 1.7584
Classic 1? 1.7531 1.2799 1.8697 1.0596 1.7947 0.9972 1.9628 1.2554
B 4.6493 3.3789 4.9294 2.7117 4.6893 2.5182 5.1028 3.2034
DEF 9.7747 3.4803 9.6940 0.7676 8.0893 0.3376 7.9515 0.3066




Table 5. The estimates of the parameters 8 = (y,n, 8) = (2,1,4) for [0, 10] search space

. . Sample size 30 50 100 500
Inertia weight - -
Particle size 50 250 50 250 50 250
@ 1.6718 1.9548 1.6549 1.9390 1.6240 1.8728
Circle 1? 1.3343 1.0378 1.3523 1.0586 1.3832 1.1304
B 5.5708 4.2720 5.5954 4.3353 5.7138 4.5843
DEF 5.8411 3.0425 5.2064 2.1485 5.1125 1.1389
@ 1.6586 1.9560 1.6848 1.9203 1.6566 1.8753
Logistic rl 1.3476 1.0361 1.3212 1.0791 1.3509 1.1279
B 5.6548 4.2599 5.5012 4.4447 5.5776 4.5673
DEF 5.6962 2.8310 4.8868 2.2533 4.8205 1.0765
1] 1.6929 1.9830 1.6194 1.9418 1.6189 1.8897
. . Ui 1.3099 1.0112 1.3877 1.0545 1.3902 1.1130
Piecewise 5
L 5.5305 41843 5.7890 43101 5.7401 4.5022
DEF 5.7727 2.6630 5.7593 2.1280 5.6268 1.0521
1] 1.6641 1.9616 1.6565 1.9620 1.6312 1.8768
Singer rz 1.3409 1.0315 1.3521 1.0334 13763 @ 1.1265
B 5.6229 42771 5.6254 45544
DEF 5.7948 2.7439 5.5091 1.1570
1] 1.6626 1.9656 1.6378 1.8658
- i 1.3429 1.0279 1.3690 1.1380
ent B 5.6015 4.2358 5.6676 46100
DEF 5.8708 2.7665 5.6194 1.1050
1] 1.6826 1.9570 1.6778 . . 1.8648
Classic r? 1.3238 1.0364 1.3295 , 1.1389
B 5.5280 4.3033 4.6133
DEF 7.2083 3.0901 1.2078
=(2,1,4) for [0, 1000] search space
. . Sample size 100 500
Inertia weight - -
Particle size 250 50 250 50 250
1.6061 1.3692 1.6496 1.4077 1.6023
Circle 1.4004 1.6417 1.3567 1.6027 1.4069
6.9950 5.7254 6.7967 5.5431 6.5881 5.7461
15.9181 7.0975 13.6507 6.1004 12.1385 6.0618
1.3469 1.6765 1.3852 1.6303 1.4076 1.6144
e 1.6637 1.3298 1.6261 1.3764 1.6033 1.3943
Logistic

6.9557 5.4701 6.7149 5.6194 6.5924 5.6890
422 8.8173 15.5795 6.4925 13.8643 6.3788 12.0732 5.7528

Piecewise

1.3062 1.6227 1.3302 1.5856 1.3419 1.6433 1.3807 1.6068
1.7058 1.3799 1.6796 1.4206 1.6682 1.3635 1.6309 1.4020
7.1731 5.7225 6.9388 5.8645 6.8858 5.5960 6.7171 5.7347

P 17.7478 8.4142 15.5719 8.1365 15.0310 6.0652 12.9787 5.9513

9] 1.3747 1.6428 1.3724 1.6459 1.3670 1.6260 1.4328 1.5881

Sing rz 1.6339 1.3577 1.6360 1.3579 1.6428 1.3818 1.5765 1.4212
B 6.8831 5.6654 6.8066 5.5750 6.7841 5.6358 6.4717 5.8051

DEF 15.0319 8.4110 14.1942 6.9636 12.9216 6.2800 11.5281 5.3717

9] 1.3127 1.6368 1.3569 1.6148 1.3781 1.6446 1.4105 1.6126

Tent 1? 1.6953 1.3655 1.6522 1.3903 1.6310 1.3626 1.6003 1.3965
B 7.1634 5.6177 6.8757 5.7197 6.7246 5.5773 6.5884 5.7009

DEF 18.1195 7.9785 15.1178 7.4795 13.3776 6.0868 11.8466 5.7479

9] 1.0897 1.5212 1.2803 1.5461 1.1076 1.5262 1.1345 1.5270

Classic rz 1.9230 1.4835 1.7298 1.4613 1.9055 1.4809 1.8787 1.4816
B 8.3357 6.2819 7.2104 6.0648 7.8952 6.0769 7.7511 6.0684

DEF 30.3416  12.7171  23.6384  10.1424  23.4816 9.2965 22.0899 8.7277




Table 7. The estimates of the parameters 8 = (y,n, 8) = (2,1,6) for [0, 10] search space

. . Sample size 30 50 100 500
Inertia weight - -
Particle size 50 250 50 250 50 250
@ 1.8910 1.9485 1.8934 1.9490 1.8558 1.9250
Circle 1? 1.1065 1.0518 1.1066 1.0500 1.1448 1.0756
B 6.8479 6.5033 6.7717 6.4215 7.0000 6.4996
DEF 4.1993 2.5970 3.9275 2.1138 3.8700 1.1218
@ 1.9178 1.9523 1.8833 1.9464 1.8568 1.9385
Logistic rz 1.0804 1.0468 1.1155 1.0527 1.1434 1.0622
B 6.7002 6.5136 6.8475 6.4490 6.9643 6.4039
DEF 3.8269 2.7223 3.7993 1.9879 3.7734 1.0100
1] 1.8962 1.9474 1.8804 1.9579 1.8738 1.9167
. . i 1.1034 1.0499 1.1185 1.0409 1.1267 1.0847
Piecewise 5
B 6.8041 6.4888 6.8256 6.3926 6.8476 6.5500
DEF 4.0041 2.6037 3.7552 2.0850 3.2757 1.0386
7] 1.8705 1.9617 1.8923 1.9609 1.8816 1.9309
Singer r? 1.1282 1.0360 1.1073 1.0377 11193 @ 1.0698
B 6.9705 6.4288 6.7624 6.3719 6.8611 6.4666
DEF 4.2487 2.4523 3.8283 2.1599 3.548 1.1252
7] 1.9057 1.9535 1.8983 1.9590 1.864 1.9273
T n 1.0934 1.0441 1.1014 1.0739
ent B 6.7593 6.4950 6.7411 6.4873
DEF 41972 2.5972 3.9975 1.0186
7] 1.9069 1.9639 1.8934 1.9288
Classic r? 1.0920 1.0332 1.1062 1.0723
B 6.9420 6.5088 6.4699
DEF 4.8763 3.0517 1.1920
Table 8. The estimates of the parameters =(2,1,6) for [0, 1000] search space
. . Sample size 30 100 500
Inertia weight - -
Particle size 50 250 50 250 50 250

1.5075 1.4108 1.5328 1.3997 1.4831
Circle 1.4953 1.5917 1.4698 1.6036 15212
10.0112 9.1571 9.8036 8.9605 9.7870 9.2860
31.5294 20.6933 27.8480 18.9634 26.7104 18.0927
1.3679 1.5165 1.3865 1.4646 1.4056 1.4681
Logistic 1.6356 1.4861 1.6166 1.5399 1.5980 1.5362
10.1438 9.1231 9.9323 9.3982 9.7465 9.3869
047 20.4832 31.2717 20.1010 29.1463 19.9832 26.9265 18.8476
1.3465 1.5422 1.3546 1.5169 1.3556 1.4904 1.4027 1.4603
Piecewise 1.6542 1.4583 1.6487 1.4853 1.6479 1.5137 1.6010 1.5441
10.2454 8.9879 10.1666 9.1068 10.0514 9.2426 9.7394 9.4265
A\ 34.3044 20.0812 32.7664 19.4605 28.7810 19.2940 26.3441 18.8198
7] 1.3853 1.5106 1.3761 15161 1.3410 1.5050 1.5078 1.4920
Sing rz 1.6172 1.4889 1.6264 1.4853 1.6629 1.4989 1.4950 15129
B 10.0517 9.1867 9.9898 9.1026 10.1704 9.1449 9.1260 9.2244
DEF 32.7567 22.3122 30.4004 19.6672 26.1514 19.0346 20.8142 16.6408
7] 1.3034 1.5219 1.3330 1.5232 1.4184 1.4760 1.4021 1.4707
Ui 1.7131 1.4785 1.6794 1.4782 1.5856 1.5284 1.6019 15334
Tent [? 10.6015 9.1233 10.3518 9.0703 9.7537 9.3243 9.7607 9.3585
DEF 37.7319 21.5028 34.1970 19.8756 28.7571 19.7833 26.1082 19.3158
7] 1.2515 1.2452 1.2677 1.5039 1.1896 1.2936 1.2637 1.4569
Classic rz 1.7512 1.7612 1.7376 1.4974 1.8141 1.7115 1.7409 1.5462
B 11.0998 11.4183 11.7184 9.2398 11.1848 10.6498 10.5967 9.4442
DEF 44,7289 32.2701 40.3034 27.8455 38.0518 27.4710 35.8424 27.0349
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In cases where the search space is [0, 10] and the
distribution is skewed, i.e. f = 2.5and 8 = 6, all chaotic
maps including the classic method have better Def scores
than the symmetric case, i.e. 8 = 4. As seen in Figure 5,
when the distribution is skewed from symmetry to the
left, the Def scores decline more quickly in all instances
where the particle size is 50, but not when the particle
size is 250. Furthermore, it is observed that the Def score
increases as the B value increases for all cases where the
search space is [0, 1000], as seen in Figure 6.

When the estimates of the parameters 6 = (y,n,8) =
(2,1,2.5) related to the three-parameter Weibull
distribution given in Table 3 and Table 4 are examined in
detail, the Singer gives the best Def score in all cases
where the particle size is 250 and the search space is [0,
1000]. Except for n = 30, the Piecewise also provides
the best Def score in all situations where there are 250
particles and [0, 10] search space. In cases where the
particle size is 50 and the search spaces are [0, 10] and
[0, 1000], the chaotic maps that give the best result of the
Def score show similarity. For example, the Circle when
the sample size is 30 or the Logistic when it is 50.

For the parameters 6 = (y,n,8) = (2,1,4) shown in

Table 5 and Table 6, when the estimates are examined,
the Logistic gives the best Def score when the search

space is [0, 10], while the Singer gives it when the searc?

space is [0, 1000] in all cases where the particle sizeg
50. On the other hand, the Piecewise gives it when th
search space is [0, 10], while different chaotic maps,gi

it when the search space is [0, 1000] in all cas
the particle size is 250. Examining the estimat
parameters 8 = (y,n,B) = (2,1,6) status pres

the number of particles }
give the best Def resul

chaotic maps
space is both [0,

SCUSSIONS

The MLgmetkod he parameters of the three-
parameter ull\dfStribution, encountered in many
real-life  pr , is discussed in this paper.

Conventional gptimization methods for finding the
solution of likelihood functions do not guarantee to find
the parameter values of interest with precision because
these functions can have a very complex structure as in
the three-parameter Weibull distribution. Therefore, one
of the powerful heuristic optimization methods, PSO, is
used to find ML estimates of the parameters of the three-
parameter Weibull distribution and overcome such
computational difficulties.

The originality of the paper is that the performance of the
PSO algorithm in terms of inertia weights, particle size
and search space size is examined on the three-parameter
Weibull parameter estimation, unlike the existing studies

in the literature. In addition to all these, five different
types of chaotic maps are examined in detail for the
inertial weight, which is the factor affecting the
convergence of the algorithm.

The simulation results demonstrate that the proposed
chaotic map approach gives better results than the classic
linear decreasing inertia weights suggested by Shi and
Eberhart [25] and is frequently used in PSO studies. On
the other hand, a chaotic map type cannot be the
dominant one since different chaotic maps give better
results in different situations. Although Tent, one of the
chaotic maps discussed, gives better results than the
classic method, it could not be the begt chaotic map in
any case.

Better estimates are achieved a

method and all chaotd

Considering the skewness of the three-
aotic maps including the

a better Def score than the

s where the search space is [0, 1000],
e Def score rises as the g value rises, as

p stlidies could establish a statistical experimental
gh to assess the PSO algorithm in the three-parameter
pull  parameter estimation, particularly  with
recommendations for various acceleration coefficients
and particle sizes. Furthermore, the chaotic maps that
highlight this study can be integrated into different
heuristic algorithms, and algorithm performances can be
examined in studies related to the three-parameter
Weibull or different distributions.
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